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ABSTRACT

We thow that the theory of local semigroupr of isemetric
operators feads to  geperalization of the Krein-Berezanski-
Korsunski decomposition of invariant kernels, which allows 10
extend the Bochner-Schwarntz and the Krein-Schwartz theorems
to generalized Toeplitz Kernels. Az a corollary the Nehari

theorem in R is derived.

1. INTRODUCTION

{ 1. Gelfands i { the B K

Let Hp be a {separable) Hilbert space with scalar product
{,)o, Hy = dense subspace of Hg and (, }+ & scalar product in
H, cuch that H, is 2 Hilbert xpace under { , )+ and J[ullos[iulis
v ueH,. Let H be the antiduz] of H, , and for each feHg let
af be the antilinear functicnal in H, defined by ar(u) = (f,u)p,
¥V ueH,, so that ||aslisilfiln and ar = ag implies f=g. Then
f — gy is a conticuous injeclion of Hyp into H. and we can

write
(1.1} H,cHpc L

where H, is dense in Hg, Hp is dense in H_, the inclusions
0: Hi—Hgp and O*: Hp—H. have norm less or equal than one
and O*f=gr Suchasystem {1.1)is called Gelfand triplet.

It is easy to see that there is an isometric operator [ from H.
ooto H, such that 0* = | |H0 and *= 1 0* sothat O is 2

. Hilbert-Schmidt aperator if and oaly if 0F iz such an operator,
- and in this case the wiplet (1.1) is said to be quasinuclear.

Let H, € Hg © H. be u Gelfand triplet. For aeH. and
ueH, we define (x,u)p= «{u), and say that an operator
A:H,~H. is non-negative if (Au,u)y = (Au}{u) 2 0V ueH,,
define
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trace (A} = z {As;, #;i, where [e}) in 2o orthonormal basis
in H,

The following resull is a slight variant of » lemma of
Berezanski [6] (cfr Korvunski [12]).

Berezanski's lemma

Let H, ¢ Hp© H be a Gelind triplet, and 0 20 opemtor
valued measure in R assigning to each Borel set ACR 2 nog-
negative operator O(A) H,—H such that

) = trace (L) < + ==.

Then p» is a finite Borel messurs oo R and for p-almost
every 1 in R there exists = non-negative operator P{i): HL—H
such that |[P(3)|ix trace (P{i)})=1and

O(A) = J P({2) dp(2} for every Borel set ACK.
fa)
Moreaver P(1) is uniquely delermined for p-almost avery
point 4. ;
1.2, Local Semigroups of opemion
We will uxe the following resulix and definitions from [7].

[P ——

We sy that (8, Hihe(o ) O<as+oe isa local semigroup of
operators (L.S.0.) on the Hilbert space H if:

(i} For each 1, o<r<a, Hy is 2 cloged linear subspace of H,
such that Hc H, if o<z<r<a, and S H—H iza linear
bounded operalor.

{ii} If 1, \e{o,a), r+t<a thea Sy{Hr4;) =H;and Seetf = 5,84
ViceH .

{iii) lim || S4-f||=0Vie U H;
1—0 re((,a)

(ivy U H;is dense in H.
re{o,a)

(v) U H is dense in Hy Vrge(o,2).
re(rg,2)

If all the §;: H,~H are isometric operators then
(St,Hihe(o,a) is said to be a local semigroup of izometric

operators. (L.S.1.).
The infinitesimal geperator of a L.5.0 is defined as

S f-f
Af= lim ——
t—ot 1

. S
lim ~——existz }.
+ 1

for feD(A) = {fe U H;|
re(o,a) t—o



Generalization of the Krein-Schwartz theorem

The basic result is the following extension theorem: If
{SuHig(o,n) is 2 L.S.1. oo the Hilbert space H, then D(A} is
dense in H, iA is a symmetric operator, and there exists a
Hilberi space & containing H az 2 closed subspace aad a
strongly continuous group of unitary operaiors (Up)cactetom OR
G such that 8; = Uyn, Yie(o,a). ‘

Moréover a strongly continuous group of unitary operaiors
extends the L.S.1. if and only if the infinitesimal generator of
the group it an extension of the generator of the semigroup.

We will say that F is a generalized spectral measure of the
L.S.I. (S, Hy if F is a generalized spectral measure of iA (see
[11)-

The extension theorem leads then to the following spectral
representation of the L.5.1.:

B(A)Sy = I ol dF(1) if 1(o,a) and ACR is a Borel set.
A

2. LOCAL FORM OF THE THEOREM OF GELFAND-
KOSTUCHENKO-BEREZANSKI-KORSUNSKI

Let H, « Hy< H. be a Gelfand triplet, let {St. Hiheo,a)
be 2 L.S.I. on the Hilbert space Hy and suppose that there
exisiz a dense linear subspace D of Hy &uch that if Dy =
DM H, thea Dy is dense in Hy and §¢{Dy) =D Vi(o,a). Then
we will say that the L.S.1. is equipped by the triplet and D.

We say that aeH_ is a generalized eigenvector of the L.s.1
with eigenvaluez e; (e;(t) = el ) if (x,Syw)o = ol ta,u)g
YueD, Vie(o.a).

An operator P H,—H. is called a generalized projection on
an eigenspace with eigenvalues e;, U P is 2 Hilbert-Schmidt
opemtor, P20, |[P||x trace(P) = {1 and VucH, we have that
PueH. is a generzlized eigenvector of the L.S.I. with
eigenvalues e;.

Similarly iz defined the notion of generalized eigenvectors
of self-adjoint operator, and a classical theorem of Gelfand-
Kostuchenko asserts that every self-adjoint operator equipped
by quasinuciear triplet posseses "many" generalized
eigenvectors. Berezanski [6] extended thiz thecrem to
tymmetric operators (with simplified proof), and Korsunski
{12] gave a version of this theorem for unitary groups. The
following theorem extends that of Korsumski to local
semigroups of isometries.

Theorem 1

Let H, © Hp = H. be a quasinuclear Gelfand triplet,
{Si.Hihe(oa) 2 L.S.I. on Hp-equipped by the triplsl and the
subspace DCH,, acd F a generalized spectral mearure of the

L.8.1.
Then

0*F(A) O = J P(4) dpi4)
A
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for every Borel set ACR, where pzaisa finite Borel measure

in R and for p-almost every 4, P{1): Hy—H_ is 2 generalized
projector cperator on the eigenspace with eigenvalues e;. For

A= R the above theorem gives an expansion of the identity
operator in terms of generalized projections on generalized
eigenspaces.

Proof:

Since 0 and 0% are Hilberi-Schmidt operatare we have
that for every Borel set AGR 6{A) = 01F{A)0 is nuclear, that is

(&) = trace B{A) < + oo,
By Berezanski’s lemma we have

OF@A) 0= | P} dalh)
Jay

with P(A} 2 0, ||P(A) !x tmce P(4) = 1 for p-almost every A,
Let

veH,, t€(o,a) and ueDy.

Then, using the spectral representation of the L.5.[. we get
that

j (P(A)v, Sulg dp(d) = (0YF(A) Ov, 0Swlp
y = (F(&) Cv, OSu)o=

= (Ov, F(A) S,0ulg

:J‘ il (0v, F{d1)0u)p=

:J. iV (OFF(d )0V, u)y=

- f e P()v, ulgdpid).

Since the last equality holds for every Eorel set ACR we have
that there exist a Borel set RyyS R with p(R-Ryy) = 0 such
that (P{i}v, Siu)g = el {P{A)v.u)g Vi€Ryy. From this and
the fact that the Hilberl space is separakle the result follows.

3. LOCAL FORM OF THE THEOREM OF KREIN-
BEREZANSKI-KORSUNSKI

Through this section H, will be a Hilbert space with an
involution u —u.

A kernel in H, iz a bounded bilinear form B: HyxH, — C.

We will stay that B ie positive definite {pd} if B(u.ﬁ)zO‘
7ueH,. In this case there iz an associated non-negative
operator B: H,—H. such that (gu.v)+ = B(u,¥).

Let (S;,H)ieto,s) be a L.5.0. on H, and suppose H<H,

71€{0.2), we say ihat B is (S;)}invariant and if B(Swu, Sv)=
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