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Abstract

In this paper we present the notion of the space of bounded p(-)-variation in the sense of Wien-
er-Korenblum with variable exponent. We prove some properties of this space and we show that

the composition operator H, associated with h:R — R, maps the xBVL’;’,) ([a, b]) into itself, if and

only if h is locally Lipschitz. Also, we prove that if the composition operator generated by
h: [a, b]x R — R maps this space into itself and is uniformly bounded, then the regularization of h

is affine in the second variable, i.e. satisfies the Matkowski’'s weak condition.
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1. Introduction

A number of generalizations and extensions of variation of a function have been given in many directions since
Camile Jordan in 1881 gave a first notion of bounded variation in the paper [1] devoted to the convergence of
Fourier series. Consequently, the study of notions of generalized bounded variation forms an important direction
in the field of mathematical analysis. Two well-known generalizations are the functions of bounded p-variation
and the functions of bounded ¢-variation, due to N. Wiener [2] and L. C. Young [3] respectively. In 1924 N.
Wiener [2] generalized the Jordan notion and introduced the notion of p-variation (variation in the sense of
Wiener). Later, in 1937, L. Young [3] introduced the notion of ¢-variation of a function. The p-variation of a
function f is the supremum of the sums of the pth powers of absolute increments of f over no overlapping inter-
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vals. Wiener mainly focused on the case p =2, the 2-variation. For p-variations with p = 2, the first major
work was done by Young [3], partly with Love [4]. After a long hiatus following Young’s work, p"-variations
were reconsidered in a probabilistic context by R. Dudley [5] [6], in 1994 and 1997, respectively. Many basic
properties of the variation in the sense of Wiener and a number of important applications of the concept can be
found in [7] [8]. Also, the paper by V. V. Chistyakov and O. E. Galkin [9], in 1998, is very important in the
context of p-variation. They study properties of maps of bounded p-variation (p >1) in the sense of Wiener,
which are defined on a subset of the real line and take values in metric or normed spaces.

In 1997 while studying Poisson integral representations of certain class of harmonic functions in the unit disc
of the complex plan B. Korenblum [10] introduced the notion of bounded x-variation and proved that a function
fis of bounded x-variation if ot can be written as the difference of two x-decreasing functions. This concept dif-
fers from others due to the fact that it introduces a distortion function x that measures intervals in the domain of
the function and not in the range. In 1986, S. Ki Kim and J. Kim [11], gave the notion of the space of functions
of x¢-bounded variation on [a,b], which is a combination of the notion of bounded ¢-variation in the sense of

Schramm and bounded x-variation in the sense of Korenblum, and J. Park et al. [12] [13] proved some proper-
ties in this space. Considering ¢, (x)=x" for 1< p<oo and n>1, then it follows that this space generalized

the space of functions of xp-bounded variation in the sense of Wiener-Korenblum. In 1990 S. Ki Kim and J.
Yoon [14] showed the existence of the Riemann-Stieltjes integral of functions of bounded x-variation and in
2011 W. Aziz, J. Guerrero, J. L. Sanchez and M. Sanoja, in [15], showed that the space of bounded x-variation
satisfies the Matkowski’s weak condition. Also, in 2012, M. Castillo, M. Sanoja and I. Zea [16] presented the

space of functions of bounded -variation in the sense of Riez-Korenblum, denoted by BV, ([a, b]) which is

a combination of the notions of bounded p-variation in the sense of Riesz (1< p <o) and bounded x-variation

in the sense of Korenblum.

Recently, there has been an increasing interest in the study of various mathematical problems with variable
exponents. With the emergency of nonlinear problems in applied sciences, standard Lebesgue and Sobolev
spaces demonstrated their limitations in applications. The class of nonlinear problems with exponent growth is a
new research field and it reflects a new kind of physical phenomena. In 2000 the field began to expand even
further. Motivated by problems in the study of electrorheological fluids, L. Diening [17] raised the question of
when the Hardy-Littlewood maximal operator and other classical operators in harmonic analysis are bounded on
the variable Lebesgue spaces. These and related problems are the subject of active research nowadays. These
problems are interesting in applications (see [18]-[21]) and give rise to a revival of the interest in Lebesgue and
Sobolev spaces with variable exponent, the origins of which can be traced back to the work of W. Orlicz in the
1930’s [22]. In the 1950’s, this study was carried on by H. Nakano [23] [24] who made the first systematic study
of spaces with variable exponent. Later, Polish and Czechoslovak mathematicians investigated the modular
function spaces (see for example J. Musielak [25] [26], O. Kovacik and J. Rakosnik [27]). We refer to books [21]
for the detailed information on the theoretical approach to the Lebesgue and Sobolev spaces with variable expo-
nents. In 2015, R. Castillo, N. Merentes and H. Rafeiro [28] studied a new space of functions of generalized
bounded variation. There the authors introduced the notion of bounded variation in the Wiener sense with the
exponent p(-)-variable. In the same year, O. Mejia, N. Merentes and J. L. Sanchez in [29], proved some proper-
ties in this space, for the composition operator and showed a structural theorem for mappings of bounded varia-
tion in the sense of Wiener with the exponent p(-)-variable.

The main purpose of this paper is threefold: First, we provide extension of the space of generalized bounded
variation present in [28] and [29] in the sense Wiener-Korenblum and we give a detailed description of the new
class formed by the functions of bounded variation in the sense of Wiener-Korenblum with the exponent p(-)-
variable. Second, we prove a necessary and sufficient condition for the acting of composition operator

(Nemystskij) on the space KBV% [a,b] and, third we show that any uniformly bounded composition operator

that maps the space KBV;A(’A) [a, b] into itself necessarily satisfies the so called Matkowski’s weak condition.

2. Preliminaries

We use throughout this paper the following notation: we will denote by

O,



0. Mejia et al.

(1) £ (s)"

KOp(xs) ( f,[a, b]) =sup k(ti—_tilj:t,s € [a, b] )
b-a

the diameter of the image f ([a,b]) (or the oscillation of fon [a,b]) and by x, anumber between [t,s].

The class of bounded variation functions exhibit many interesting properties that it makes them a suitable
class of functions in a variety of contexts with wide applications in pure and applied mathematics (see [8] and
[30]). Since C. Jordan in 1881 (see [1]) gave the complete characterization of functions of bounded variation as
a difference of two increasing functions, the notion of bounded variation functions has been generalized in dif-
ferent ways.

Definition 2.1. Let f:[a,b]—>R be a function. For each partition z:a=t, <t <---<t, =b of [a,b],
we define

V(f;[a,b])::supi]f (t)-f(t.,), [N

T =1

where the supremum is taken over all partitions 7 of the interval [a,b]. If V ( f ;[a,b]) < oo, we say that f has
bounded variation. The collection of all functions of bounded variation on [a,b] is denoted by BV [a,b].
A generalization of this notion was presented by N. Wiener (see [2]) who introduced the notion of p-variation
as follows.
Definition 2.2. Given a real number p>1, a partition 7:a=t, <t <---<t, =b of [a,b], and a function
f :[a,b] - R . The nonnegative real number

n p
Vi (1) =y (Fifab])=sup o] (1)) (1) @
T J=
is called the Wiener variation (or p-variation in Wiener’s sense) of f on [a,b] where the supremum is taken
over all partitions 7.

In case that V' (f;[a,b]) < oo, we say that f has bounded Wiener variation (or bounded p-variation in Wien-

er’s sense) on [a,b]. The symbol WBV, ([a, b]) will denote the space of functions of bounded p-variation in

Wiener’s sense on [a,b].

Other generalized version was given by B. Korenblum in 1975 [10]. He considered a new kind of variation,
called x-variation, and introduced a function « for distorting the expression |tj —tH| in the partition if self,
rather than the expression |f (t;)— f(t,,) in the range. On advantage of this alternative approach is that a
function of bounded xvariation may be decomposed into the difference of two simpler functions called
x-decreasing functions.

Definition 2.3. A function «:[0,1] —[0,1] is called a distortion function (x-function) if « satisfies the fol-
lowing properties:

1) xis continuous with x(0)=0 and «(1)=1;

2) kis concave and increasing;

3) lim ﬂ =

y—0 t

B. Korenblum (see [10]), introduced the definition of bounded x-variation as follows.

Definition 2.4. Let « be a distortion function, f a real function f:[a,b] >R, and 7:a=t, <t <---<t =b
a partition of the interval [a,b]. Let one consider

iz;:“ (ti)_ f (ti—l)|
: ti _ti—l ,
z,([ - j ®

KV(f)ZK’\/(f;[a,b])Z:SlipK(f,ﬂ'),

®

k(f,7)=
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where the supremum is taken over all partitions ~ of the interval [a, b]. In the case KV(f;[a,b])<oo one
says that f has bounded x-variation on [a,b] and one will denote by «BV [a,b] the space of functions of
bounded x-variation on [a,b].

Some properties of x-function cab be found in [12] [14] [16].

In 2013 R. Castillo, N. Merentes and H. Rafeiro [28] introduce the notation of bounded variation space in the

Wiener sense with variable exponenton [a,b] and study some of its basic properties.
Definition 2.5. Given a function p:[a,b]—>(1,«), a partition 7:a=t, <t <---<t =b of the interval
[a,b], and a function f :[a,b] - R. The nonnegative real number

Vat) (1) =V3p, (1.[.b]) = S,‘ipiﬂ o)~ ()" @

is called Wiener variation with variable exponent (or p(-)-variation in Wiener’s sense) of f on [a, b] where 7
is a tagged partition of the interval [a,b], i.e., a partition of the interval [a,b] together with a finite sequence
of numbers x,,---,X,_, subject to the conditions that for each i, t, <x <t,,,.

In case that Vp(,)(f;[a,b])<oo, we say that f has bounded Wiener variation with variable exponent (or
bounded p(-)-variation in Wiener’s sense) on [a,b]. The symbol WBVP(‘)([a,b]) will denote the space of

functions of bounded p(-)-variation in Wiener’s sense with variable exponent on [a, b] .
Remark 2.6. Given a function p:[a,b] —(1,)
1)If p(x)=1 forallxin [ab], then WBV, ([a,b])=BV ([a,b]).

2)If p(x)=p forallxin [ab] and 1< p<ow,then WBV, ([ab])=WBV, [ab]).

In [29], O. Mejia, N. Merentes and J. L. Sanchez proved some properties in this space, for the composition
operator and show a structural theorem for mappings of bounded variation in the sense of Wiener with the ex-
ponent p(-)-variable.

Now, we generalized the notion of bounded variation space in the sense of Wiener-Korenblum with variable
exponent on [a,b]. For this, we defined bellow the bounded p(-)-variation in the sense of Wiener-Korenblum
with exponent variable.

Definition 2.7. Given a function p:[a,b]—(1,»), a partition z:a=t, <t <---<t =b of the interval

n

[a,b], x beadistortion function and a function f :[a,b] — IR . The nonnegative real number

p(xj1)
= f (tj )‘ f (t,-_l)H
Kvp(‘)(f):KVp(A)(f,[a,b]):: sup O .
V3 ZK j j-1
=t [ b-a J
is called Wiener-Korenblum variation with variable exponent (or p(-)-variation in the sense of Wiener-Korenblum)

of fon [a,b] where 7~ is atagged partition of the interval [a,b], i.e., a partition of the interval [a,b] to-
gether with a finite sequence of numbers X,,---,x,; subject to the conditions that for each i, t, <x; <t

In case that Kvg{,) ( f ;[a,b]) <o, We say that f has bounded Wiener-Korenblum variation with variable ex-

ponent (or bounded p(-)-variation in the sense of Wiener-Korenblum) on [a,b]. The symbol KBVp“(’_) ([a,b])

®)

i+1"

will denote the space of functions of bounded p(-)-variation in the sense Wiener-Korenblum with variable expo-
nenton [a,b].
Remark 2.8. Given a function p:[a,b]— (1,)

1)If p(x)=1 forall x in [ab],then KBV;A(I_)([a,b])ZKBV([a,b]).
2)If p(x)=p forall x in [ab] and 1< p<co, then KBV:\(/_)([a,b])ZKBVp ([a,b]).
Example 2.9. Let u:[0,]] >R be a function such that ueC([0,1]) and |u'(x)|<L for xe[0,1].

Then, from mean value theorem, we have
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z(”j <l =S )

—t 1|p(xi—1) =L
Therefore, ue K‘BV:\(I.) ([01])

3. Properties of the Space

Theorem 3.1. Let p:[a,b]—(1,0) and x be adistortion function then WBV, ([a b]) = KBVW ([a b]).
Proof. Let p:[a,b]—>(1,0), feWBV ()([a b]) and 7z :a=t, <t <~--<tn =b be a partition of the in-

terval [a,b]. Then, by the « subadd|t|V|ty, we have:

$r(e)- ()

n

p(x,1)SV:{_)(f):VpM({)(f)K[Z”:t,—b—_t; ]<VW( )ZK(t —t J

i=1 -

Thus,

=1 w
i NOEW Vo) (f). (6)
25

Then considering the supremum of the left side we get
&V, (F) <V (), ©)

therefore, f e WBV ()([a b]) and WBV, ([a b]) = K‘BV\A(")([B. b]). O

Remark 3.2. From this result we deduce that every function of bounded p(-)-variation in of Wiener’s sense
with variable exponent on the interval [a b] is a bounded p(-)-variation in the Wiener-Korenblum sense on the
interval [a,b].

Now we will see that the class of function of bounded p(-)-variation in the sense of Wiener-Korenblum has a
structure of vector space.

Theorem 3.3. Let p:[a,b] —(1,0), then the set K'BVF\JA(/_) is a vector space.

Proof. Let f,g BV, ([ab]), then for each partition z:a=t, <t <--<t,=b of [ab],and z" isa

tagged partition of the interval [a,b], we obtain:

R RS 0
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Now adding from j=1 to j=n we get

gﬂ(f +o)(t,)-(f +g)(tj,1)H"(“’l)
L[ty
2l

%2 p(xj- - D f (tj ) —f (tj—l )Hp(xi—l) JZ:Z p(xj-o)-L Hg (tj ) —g (tj_l )H p(Xj-1)
N - .

+
n . n(t -t
J -1
B )
Since p(-) is bounded, then thereisa M >0 such that 2"(“’1)’1 <M forall t;, and we obtain

S 0)(s)-(+ o)t

n

Z; [t -ty
H ) (,1)H g“g(tj)_g(til)up(le)

<M - +M e
i i~
2 b_aJ (i)

In other word, if f,ge /<BVW then the function f +g is of bounded p(-)-variation in the sense of Wien-

er-Korenblum with variable exponenton [a,b] and

o (f+g.[ab]) <M (»vyf) (.[ab])+ vy, (9.[ab])).

On the other hand, since p(-) is bounded, there exists L >0 such that

%U(a £)(t,)-(at )(tj,l)\]p(xj'l)
n [t B
B J
Sl o 6)- 110

(" i;J

no(to—t,
J j-1
(s

therefore, o f EKBVF\)A(’A)([a,b]).SO, KBV, ([a,b]) is a vector space. O

Proposition 3.4. Given a function p:[a,b]— (1,%), the variation KV;A(")(f;[a, b]) is convex.
Proof. Let f,g EKBV“)’{A)([a,b]) and a eR. By Theorem 3.3 af e kBVZ{})([a,b]). Since for s>1 the

function t=>0,t —t° is convex, then we get
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H((l—a) f+ag)(t)-((1-a)f +ag)(tjfl)Hp(t")

Then,
KV (1-a) f +ag;[ab])

<(L-a)wVy, (f5[ab])+arvy, (g;[a,b]).

U
Definition 3.5. (Norm in xBV/, ([a.b]))
Let f:[a,b]—>R be afunction that belongs to KBVF‘)"(’,)([a,b]).Then
[0, =1 @)+ aa, (F), f exBYY, ([ab]), (8)

where iy, (f):=inf, {/1 >0:&Vy (%) sl} :

Theorem 3.6. (KBV"J“(’A) ([a, b])||||i’p()) is a normed space.
Proof. Let f,ge KBV;’{‘) ([a,b]) , a eR. Then, we have that:

) 1,20 since [ ()]0 and sy ()20,
b)

. alf
[l f ||\,'(Vp(.) =|af (a)+ inf {/1 >0V [%} < l}

. A f

. f
- |a|| f (a)|+|a| Lrlg{y >0: K’\/r(’) [; sl}
=[a[] £ (@) + a1, ()] =[]},

Therefore, |o f ||"'(Vp(v) = ||| f ||\,/(vp(.) :

©
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c) Fix 24, >||f||"KVp(,) and A, >||g|| ; then KVW (/;f Jsl and /d/;“(")[%]sl. Now let A =4, +4,.

]

()’

Then by convexity of &V, (f:[a,b])

v (”g = VY, At 59 g
PO 2 Ad A
ﬂf f g
<— VY — —g [a,b] |<1.
Hence
[+ all) =[(F + @) (@) a1y (T + )

<|f(a)+ g(a)|+yp(_)(f)+yp(_)(g)
<[5, * ol
Thus, [ +gfl7 ) <[f15, +lall%y -
d) Let us now prove that | [ =0 ifandonlyif f=0.1f f=0,then xV, Gj =0<1 forall >0,
andso | f ||Mk'p(_) = 0. Conversely, suppose that ||f||"'(vp(_) =0,ie.,

|f(a)|+,up(A)(f):O

n t. —t.
i it
e

without loss of generality, considering the partition ria= t1 <t, =x<t;= b we get

A ﬂ
=0,

+

o) K(E::J

[lf (0)- f <a>|j"(” {|f <b>—f<x>|}"“’)
A A
=0 and =0

then

we get
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p(x) p(b)
[|f(x)-f ()] =0 and [|f(b)-f(x)]" =o0.
Hence, f(x)=f(a)=f(b) forall xe[ab] and f(a)=0, therefore f =0. O
In the following, we show that KBVF\)A(I‘) ([a,b]) endowed with the norm ||'||VKV,,(,) is a Banach space.

Theorem 3.7. Let p:[a,b] —(1,) be a function, then (K'BVF\)A(I_) ([a, b])||||\£’p()) is a Banach space.

Proof. Let {f}  be a Cauchy sequence in (KBVF‘J’{)([a, b])||||\l'(vp()) then given &>0, there is N >0

neN
such thatfor n,m>N we have

|f, - fm||‘fp(_) <&, n,m>=N,

|f,(2) = £, (2)]+ a2, (fo = fn) <&, nm=N.
Then
f.(a)-f(a) <& and py,(f,—f,)<& nm=N.

Thus, forall t,se[a,b] and &> 0, we have that

fn_ fm.
Kvg‘)( : ,[a,b]jsl

then

therefore

[t O (6= (6] <2122 ]
by properties of function log(t), we get

p (% )og [[(f, = ) (t) = (f, ~ fu)(s)[]
< p(xs)log(&)+log {K[;_—sﬂ

—a

< p(x og(e) + p(x,og {2 |

. p(xts>{|og<s)+ 'OQ{KG:—ZM
- p(&s)'og{g’{ﬁﬂ

then

hence
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(1= )0~ ) en{ 5

—a

In consequence, the sequence { f, $oon , is a uniformly sequence of Cauchy, on the interval [a,b]. Since R
is complete, there exists a function f deflned on [a b] such that

lim f, (t)= 1 (1), te[ab].

We will show that f, converge on the norm ||-||VKVP()

Since the {f }  isaCauchy sequencethereisa N >0 such that

n>1

If, - fm||‘2'p(_) <g, nmxN.

From the fact that {f, }.., converge uniformly to the function f on the interval [a, b] , We get

W
0= *lepy =

"len)
=lim|f, - fm||\:'p(_) <& n>N.

m—o

m—oo

Therefore, the sequence {f,}  converge to the function f on the norm ||~||"’(Vp()

n>1
Thus (KBVW ([a,b]).|- || ) is a Banach space. O
The following properties of elements of KBVp“(’_) [a,b] allow us to get characterizations of them.

Lemma 3.8. (General properties of the p(-)-variation) Let f:[a,b]—>RR be a arbitrary map and « be a

distortion function. We have
(P1) Minimality: if t,s e[a,b], then

[t () f(s )| <m o (f:[ab])
< ,cvp(,) ( f.[a,b]).
(P2) Change of variable: if [c,d]cR and ¢:[c,d]—[a,b] isa (not necessarily strictly) monotone func-
tion, then VY, (f,¢[c,b]) =V, (fop,[c.d]).
(P3) Regularity: vy, (f,[a,b])= SUp{K‘VW) (f.[s.t]);s.tefa,b],a< b}.
Proof. (P1) Let a,t,s,be[ab], a<t<s<b.

|f (t)- | (%)
t-s
K(HJ
S ()~ (1)

<sup=—— = = vy, (f,[ab]).
V4 ZK j j-1
=i b-a

|[f(t)-f (s)|p(x“) SSLJP ‘tsefabl,a<b=xo,,  (f[ab])

(P2) Let [c,d]=R, ¢:[c,d]—[a,b] a(not necessary strictly) monotone function, 7z, a tagged partition

of the interval [c,d], T, ={rj}10e;zo and T:{ti}T:o with t; =p(z;), then
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St (oey)- (go(f,.,l))w SJr(t)-1(1.)

" (fe 9.T)=sup = i [ J e i’{tjb_—t;j
=V (£.T) <oV (10([c.d])).
o

On the other hand, if a partition T ={t,

p(xj-1)

of ¢([c.b]) is such that t_, <t, for j=1---,m, then there

exist z; [c,d] suchthat t; =(/)(z'j) and again by the monotonicity of ¢:
Vo (. T) =V (Fop.T)<aVy (fogp[cd]).
(P3) By monotonocity of K’\/:{) we get
WV (f.[eb])> sup{rch“(’_) (f.[s.t]):ste[ab]as< b}.

On the other hand, for any number & <V (f,[a,b]) there is a partition T = {tj}r;:o ex’, t;<t,, With

(f T)>a . Wedefine 7 apartition of the interval [t,t. ], then Tez and

KV ( f,[a,b]) ZSup{ o (fi[st]),ste[ab]a< b} : O
In the next section we will be dealing with the composition operator (Nemitskij).

4, Composition Operator between the Space KBV;\(/_) ([a, b])

In any field of nonlinear analysis composition operators (Nemytskij), the superposition operators generated by
appropriate functions, play a crucial role in the theory of differential, integral and functional equations. Their
analytic properties depend on the postulated properties of the defining function and on the function space in
which they are considered. A rich source of related questions is the monograph by J. Appell and P. P. Zabrejko
[31] and J. Appell, J. Banas, N. Merentes [8].

The composition operator problem refers to determining the conditions on a function h:R — R, such that
the composition operator, associated with the function h, maps a space X of functions u:[a,b] >R into it-
self [32] [33]. There are several spaces where the composition operator problem has been resolved. In 1961, A.
A. Babaev [34] showed that the composition H, associated with the function h:R — R, maps the space
Lip[a,b] of the Lipschitz functions into itself if and only if h is locally Lipschitz; in 1967, K. S. Mukhtarov [35]
obtained the same result for the space Lip[a,b] of the Holder functions of order & (0<a <1).

The first work on the composition operator problem in the space of functions of bounded variation BV [a,b]

was made by M. Josephy in 1981, [36]. Other work of this type have been preformed over BV,'[a,b],
HBV [a,b], AC[ab], RV,[ab], RV,[ab], ¢BV[ab], ABV, [ab], xBV[ab] and xBV,[a,b] (see
[8]).

Now, we define the composition operator. Given a function h:R — R, the composition operator H, asso-
ciated to a function f (autonomous case) maps each function f :[a,b]—>R into the composition function
Hf :[a,b] > R, given by

HE (t):=h(f(t)), (te[ab]). ©9)

More generally, given f : [a,b]xR — R, we consider the operator H, defined by

Hf (t):=h(t, f (1)), (te[ab]). (10)
This operator is also called superposition operator or sushtitution operator or Nemytskij operator. In what
follows, will refer (9) as the autonomus case and to (10) as the non-autonomus case.

O,
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In order to obtain the main result of this section, we will use a function of the zig-zag type such as the em-
ployed by J. Appell et al. [8] [37] that the locally Lipschitz condition of the function h is a necessary and suffi-

cient condition such that H (Lip[a, b]) c KBV:\(/_) [a,b] and that in this situation H is bounded.
One of our main goals is to prove a result in the case when h is locally Lipschitz if and only if the composition
operator maps the space of functions of bounded p(-)-variation into itself.

The following lemma, established in [38], will be useful in the proof of our main Theorem (Theorem 4.2).
Lemma4.l. Let u:[a,b] >R, a<s<py<t<b,then

b()-8(5)_[atm)u(s)] ) -u(n)]
t-s n-=s t-n

Theorem 4.2. Let H be a composition operator associated to h:R — R . H maps the space KBV‘\)N.)(f)
into itself if and only if h is locally Lipschitz.

Proof. We may suppose without loss generality that [a,b]=[0,1]. First, let u:R — R be locally Lipschitz

on R,andlet ue KBV[‘)“(") ([01]) Then K‘V:\(/.) (/1u;[0,1]) <o forsome A >0. Considering the local Lipschitz
condition

lh(u)=h(v)|<k(r)lu-v| (uveR,u,<R) (11)

for r:=|f|_,forany partition z:0=t,<t, <---<t =1 we obtain the estimate

n

5 p(tj1)
;[k("f"m)‘h(“ (t;))-h(u (ti—l))‘]
J_Zn_;’((tj ~t,)

=12 <&V, (Au,[0,1]) <0

This shows that for ;= &V,(, (#HU,[0,1]) <0, and hence Hu e xBV{, ([0,1]) as claimed.

_A
k(1)

The proof of the only if direction will be by contradiction, that is we assume H (Lip[0,1]) < KBV}, ([0.1])
and h is not locally Lipschitz. Since the identity function 1,:[0,1] —[0,1] belong to Lip[0,1], then

hol, € xBV,[0,1] and therefore h is bounded in the interval [0,1]. Without loss of generality we may assume
that

‘%MHWSZ' (12)

Since h is not locally Lipschitz in R there is a closed interval | such that h does not satisfy any Lipschitz
condition. In order to simplify the proof we can assume that | = [0,1]. In this way for any increasing sequence

of positive real numbers {k }

nfns, that converge to infinite, that we will define later, we can choose sequences

O,
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{an}nzl ! {bn}nzl ' Such that

|h(bn)_h(an)

In addition choose a,,b, such that

>k, |b,-a,[, (neN). (13)

a,<b, (neN.

Considering subsequence if it necessary, we can assume without loss of generality that the sequence {a, }
is monotone increasing.

Since [0,1] is compact, from inequality (13) we have that exist subsequences of {a,}
we will denote in the same way, and that convergeto a_ e [0,1] .

Since the sequence {a,}  isa Cauchy sequence we can assume (taking subsequence if it is necessary) that

nx>1

and {b }  that

nx=1 nx1

|am—an|<ki, (m>n). (14)

n

Again considering subsequences if needed and using the properties of the function x we can assume that

max{zc(bn—an),/c(am—an)}<ki, (neNmz=n). (15)

n

Consider the new sequence {m.} . defined by

1
m, =

X —kn(bn_an)’ (neN.

From of inequalities (12) and (13) it follows that m, > 2, therefore
%<[mn]Smn, (neN.

Consider the sequence defined recursively {t } by
t=0, t.,=t +a,—-a +2[m](b,—a,), (neN).

n

This sequence is strictly increasing and from the relations (14) and (15), we get

ot =l —t) = 3 (B -a) + 23 [m, (0, -a,) <33
n=1 n=1 Np

n=1

. - =1 1

Then to ensure that t, [0,1], is sufficient to suppose that zk_ < 3
n=1 Ry

We define the continuous zig-zag function u:[0,1] - R, as shown below

a,, t=t, +2i(b,-a,),i=0,-,[m,],

u(t) = b, t=t, +(2i+1)(b,-a,),i=0,--,[m]-1
a,, t, <t<1

affine, othercase.

Put
t,;=t,+i(b,—a,), neN,i=0,---,2[m,].

We can write each interval | =]t ,t

T+l

i =[ti o i =0,-+,[m ] -1, ] = [tnyz[mn],tm]

And function u is definedon 1 ;,i=0,---,2[m, ], as follows

O,

], n e N, as the union of the family of non-overlapping intervals



0. Mejia et al.

u(t)=t—(t,+2i(b, —a,))+a, (tel,,), (16)
u(t)=t—t, +(2i+1)(b, —a,)+b,, (tel, ). (17)

and
U() =t =ty + 2 [t 1 0 ) (18)

In all these situations the slopes of these segments of lines is 1.
Hence, we have for ne N, the absolute value of the slope of the line segments in these ranges are bounded
by 1, as shown below

b, —a,|

2" — T <2k (b — <1,
(o) 2 (=)

n

a,—a
t,+a

2 (M) N <1,

a

n+l ~ n

We will show that u e Lip[0,1]].

Let 0<s<t<1,then there are the following possibilities for the location of s and t on [0,1] .
Case 1: If s,tel ,(neN) areinthesameinterval 1 ;,i=0,---,2[m,].

u®)-u(s) _
t=9]
Case 2: If stel ,(neN) areintwo differentintervals 1 ;,i=0,---,2[m,].
There are several possibilities:
a) sel, tel,;, i<j<2[m].
a) j=i+1.ByLemma 4.1 and relations (16) and (17) we have
u(®)-u(s) _ u(ta)-u(s) . u(t)-u(t,;.s) .

ft—s| —  t .S t—t

From relations (16), (17) and (18) follows

ni+l n,i+l

a,) j>i+1.Then

|U(t)—U(5)|< bn_an
t-s| "t

ni+2 ~ n,i+l

b) seltel, ;i<j=2[m].
If j=i+1 proceedas a).
If j>i+1, again using the Lemma 4.1 and relations (16), (17) and (18) we obtain

lu(t)-u(s)| ‘U(tn,z[mn])—“(s)‘ ‘”(t)_”(tn,z[mn]) b —a

< + < 1 +1<2.
|t - S| tn,Z[mn] -S tn,2[mn] —t tn,Z[mn] - tn,2[mn]—1

Case3:If sel ,tel ,nmeN,n<m.
From Lemma 4.1 and the second case, we conclude

lu(t)—u(s)| L lu(t,)—u(s)| . lu(t)—u(t,)| "
t-t,

t—s t.,—S

Cased:If sel ,neNt=t_.
Then from Lemma 4.1

|u (t.)-u (s)| . ‘u (tnym)—u (s)‘ . ‘aw —u (tn,i+1)

t,-s

a,—a
<l+=—=<2
S b,—a, b,-a

n n

ni+l
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Case5: If s<t <t<1.
From Lemma 4.1 and Case 4

p(O-u()| ) -,

t-s t,-s

Case6:If t, <s<t<l
In this circumstance u (s) =u (t) =a_ and the situation is trivial. Therefore we have that

u(t)-u(s)|<ft-s|, (site[0.1]).
So u is Lipschitz in [0,1]. Moreover, for each partition of interval [0,1] of the form
0=t <t +(b—a)<--<t,+2[m](b—a,)<t,
<ty +(b,—a,) <<t <<t +2[m](b —a,) <1,
and c¢> 0, using the inequality (13), convexity of the function ¢,,n>1 and definition of m_,ne N, we have

Zk: hou(tj)—hou(tj,l)‘p(m) Zk:[Z[mn] h(b,)-h(a,)

KV, (h ou;[O,l]) =1t >__nd

Sr(uft)-u(t,.)) _nzk_;[z[mn]/c(bn—an)+z<(an+1—an)]

n=1

JP(XH)

e MR
ORISR R

As the serie > (1)"") diverge, hou g xBV,{,[0,1], which is a contradiction. O

n=1

5. Uniformly Continuous Composition Operator

In a seminal article of 1982, J. Matkowski [39] showed that if the composition operator H, associated with the
function h: [a,b]x R — R, maps the space Lip[a, b] of the Lipschitzian functions into itself and is a globally
Lipschitzian map, then the function h has the form

h(t,x)=a(t)xB(t), tef[ab]xeR, (19)

forsome o, e Lip[a,b].

There are a variety of spaces besides Lip[a,b] that verify this result [37]. The spaces of Banach (X,|-])
that fulfill this property are said to satisfy the Matkowski property [32].

In 1984, J. Matkowski and J. Mi$ [40] considered the same hypotheses on the operator H for the space
BV [a,b] of the function of bounded variation and concluded that (19) is true for the regularization h™ of the
function h with respect of the first variable; that is,

h™(t,x)=a(t)x+A(t), te[ab].xeR,
where @, € BV~ [a,b]. The spaces that satisfy this condition are said to verify weak Matkowski property, [32].

In this section, we give the other main result of this paper, namely, we show that any uniformly bounded

composition operator that maps the space KBV:\(I') [a, b] into itself necessarily satisfies the so called Matkows-

ki’s weak condition.
First of all we will give the definition of left regularization of a function.

Definition 5.1. Let f cWBV, | ([a.b]), its left regularization f~:(a,b] >R of mapping f is the function

given as

©,
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()= {SILrP f(s) te(anb];

f(a) t=a.
We will denote by WBV,, ([a b])([a.b]) the subset in WBV,, ([a.b]) which consists of those functions

that are left continuous on (a, b] .
Lemma5.2. If feWBV,([ab]) then f~eWBV, ([ab]).

Thus, if a function f eWBVp(_)([a,b]), then its left regularization is a left continuous function, i.e.,

f~eWBV’ .
p(xj-1)
Also, we will denote by KBV“)’Z)’([a,b]) the subset in K‘BV:\(’_)([a, b]) which consists of those functions

that are left continuous on (a,b].
Lemma5.3.If feWBV, ([a b]) then f- EK‘BVW ([a b])

Proof. By Lemma 5.2, we have f~ eWBV,, ([a.b]). Then, by Theorem 3.1, - e KBV, ([a.b]).

Thus, if a function f eWBV, ([a b]) then its left regularization is a left continuous function, i.e.,

f~ eWBV,, ([a b]). In consequence, f~ e xBV,{ ([a b]).

Another Iemma useful for the follow theorem is developed below:
Lemma 54. Let «:[0,]]—[01], be a distortion function, uexBVy /([a,b]) and 2>0. Then

Hyy (u) <A ifand only if KV:JA(I_) (%) <1.

Proof. Let ue chVVv ([a b]). Suppose that Hyy <A then by definition of 4, (u) there exists x such
p(:
W u _ w u k _ k w u k
Vg [;) =KVy (Hj =7 Vo) (pj <7<t

W u . w u . K
Conversely, assume K‘Vp(_) (zj <1l,then A€ {/1 >0: x’\/p(,) [Zj < 1} ; hence e, (u) <A.

that A>x > y;(,) (u) and K'VW) (%) <1.Since, for $>1 the function t>0,t »t° isconvex, we have:

Theorem 5.5. Suppose that the composition operator H generated by h: [a, b]>< R —>R maps
KBV, ([a b]) into itself and satisfies the following inequality

I = 2 < p [0l | (f f exBYY ([a0])) (20)

for some function y:[0,00) —[0,). Then, there exist functions «, 8 e KBV:\(I.) ([a,b]) such that

h™(t,x)=a(t)x+B(t), te[ab], xeR (21)

where h™(-,x):(a,b] > R is the left regularization of h(,x) forall xeR.
Proof. By hypothesis, for xe R fixed, the constant function f (t)=x,te[a,b] belongs to K‘BVW ([a b])

Since H maps KBVX(’l)([a,b]) into itself, we have (Hf)(t)=h(t, f(t ))EKBVW ([a,b]). By Lemma 5.2 the
left regularization h™ (-, x )echVW ([a,b]) forevery xeR.

From the inequality (20) and definition of the norm ||||Wp( we obtain for f,, f, € kBV, ([a b]).
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'up(-) (H ( fl)_ H ( fz )) S”H ( fl)_ H ( fz)"\,l(vp(_) < 7[" f1 - fz"ivp(.)} (22)

From the inequality (22) and Lemma 5.2, if 7/[" f—f, ||VKVP(J >0 then

H(f)-H(f,)
Kv!\’l\(l‘) : w :
7[" fi- f2||xp(-)]

Let a<s<t<b,andlet 7z, ={t.t,-.t,,} €7 be theequidistant partition defined by

<1, (23)

t-s .
t, =5, t —tH:% (i=12,---,2m).

Given u,veR with u=v,define f,f,:[ab]>R by

v, if x=t; for some even j,
f.(x):= % if x=t; for someodd j, (24)
linear, otherwise
and
%, if x=t; for some even j,
f,(x)=1u, if x=t; forsome odd j, (25)

linear, otherwise.

Then the difference f, — f, satisfies
| f; (X)_ f, (X)| =
Consequently, by the inequality (20)

u-v
It -l < 16—l ] y[%j

From the inequality (23) and the definition of p(-)-variation in the sense of Wiener-Korenblum we have

i[‘“” f) ;)= (0" o ) (t) = (0o £)(t1) + (0 fz)(tzjl)‘]w

y(27u-v|)

mo(t,—t, o
i

However, by definition of the functions f, and f,,

(0 )t )= (0 ) ()= (e ) () (07 £
- (u+v (u+v .
:‘h (V)—h (TJ—h [Tj‘l‘h (U)
:‘h(v)_zh(%}h(u).

Ju-v
2

(a<x<bh).

j=1

Then

O,
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p(%j1)

¢ h‘(v)—2h‘(u;\/j+h‘(u)

=t y(2’l|u —v|)

Zm:’( GLi—b4ia
n=1 b_a

. . m [PF I P . .
Since 1< p(Xj,1)<00 forall j=12,.-,2m, > 1{%}>1, and passing to the limit as m — oo,
P

<1, (26)

then
U+v A1)
‘h (v)_zh[2j+ h (u)

7(2’1 |u— v|)

=0,

hence,
h™(v)—2h- [%} h™ (u)=0.

So, we conclude that h™(s,) satisfies the Jensen equation in R (see [41], page 315). The continuity of
h™ with respect of the second variable implies that for every te[a,b] thereexist «,8:[a,b] >R such that
h™(t,x)=a(t)x+B(t), te[ab],xeR.

Because g(t)=h"(1,0),te[a,b], «(t)=h"(t,1)-A(t) and h™(,x)e KBVQ’{) ([a,b]), for each xeR,
we obtain that a,f e xBVy, ([a,b]). O

J. Matkowski [42] introduced the notion of a uniformly bounded operator and proved that any uniformly
bounded composition operator acting between general Lipschitz function normed spaces must be of the form
(21).

Definition 5.6. ([42], Def. 1) Let X and Y be two metric (or normed) spaces. We say that a mapping
H:X — Y isuniformly bounded if, for any t >0 there exists a nonnegative real number 7(t) such that for
any nonempty set Bc X we have

diamB <t = diamH (B) < y(t).

Remark 5.7. Every uniformly continuous operator or Lipschitzian operator is uniformly bounded.
Theorem 5.8. Let h: [a, b]xR — R and H be the composition operator associated with h. Suppose that H

maps xBV,, ([a,b]) into itself and is uniformly continuous, then, there exist functions «, 8 e xBVy(, ([a,b])
such that

h™(t,x)=a(t)x+B(t), te[ab],xeR.

where h™(-,x):(a,b] > R is the left regularization of h(-,x) forall xeR.
Proof. Takeany t>0 and f,g exBV“J’{)([a,b]) such that

|t - qfl, < diamH ({f.g})
Since diam{f,g} <t by the uniform boundedness of H, we have
diamH ({f,g})<7(t),
that is,
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[H()=H (o), = diamH ({f.0}) <7 (| ~g[,, ).

and therefore, by the Theorem 5.5 we get

h™(t,x)=a(t)x+B(t), te[a,b],xeR.
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