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Abstract 
In this paper we establish the notion of the space of bounded ( )( ), 2 -p ⋅ varia-

tion in De la Vallée Poussin-Wiener’s sense with variable exponent. We show 
some properties of this space ( )( ) [ ],2 ,W

pBV a b⋅  and we show that any uniformly 

bounded composition operator that maps this space into itself necessarily sa-
tisfies the so-called Matkowski’s conditions. 
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1. Introduction 

In 1881, C. Jordan gave the notion of variation of a function in [1], and from this 
moment, many generalizations and extensions have been given. Consequently, 
the study of notions of generalized bounded variation forms an important 
direction in the field of mathematical analysis. Another important generalization 
of the space of bounded variation in the Jordan’s sense is the notion of the space 
of functions of second bounded variation studied by Ch. J. de la Vallée Poussin 
in 1908 in [2]. It is defined as follows: 

Definition 1 Let π  be a partition of the interval [ ],a b  of the form 
{ }0 1 na t t t bπ = = < < < = , and f  be a function [ ]: ,f a b → . The  

nonnegative real number 
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( ) ( ) ( ) [ ]( ) ( ) ( ) ( ) ( )1 1 12 2

1 1 1

; , : sup ,
n j j j j

j j j j j

f t f t f t f t
V f V f a b

t t t tπ

−
+ −

= + −

− −
= = −

− −∑  

is called the second variation of f  on [ ],a b , where the supremum is taken 
over all partitions π  of [ ],a b . In the case that ( ) ( )2V f < ∞ , we say that f  
has bounded second variation on [ ],a b  and we denote it by ( ) [ ]2 ,f BV a b∈ . 

A well-known generalization of the functions of bounded variation was done 
by N. Wiener in 1924 in [3]. The p-variation of a function f  is the supremum 
of the sums of the pth powers of absolute increments of f  over non over- 
lapping intervals. Wiener mainly focused on the case 2p = , the 2-variation. 

Definition 2 Let π  be a partition of the interval [ ],a b  of the form 
{ }0 1 na t t t bπ = = < < < = , f  be a function [ ]: ,f a b →  and 1 p< < ∞ . 

The nonnegative real number 

( ) [ ]( ) ( ) ( )
1

1
1

; , : sup ,
n p

p p j j
j

V f V f a b f t f t
π

−

−
=

= = −∑  

is called the Wiener p-variation of f  on [ ],a b  where the supremum is taken 
over all partitions π  of [ ],a b . In the case that ( )pV f < ∞ , we say that f  has 
bounded Wiener p-variation on [ ],a b  and we denote it by [ ],W

pf BV a b∈ . 
The pth-variations were reconsidered in a probabilistic context by R. Dudley in 

[4] and [5], in 1994 and 1997, respectively. Many basic properties of the 
variation in the sense of Wiener and a number of important applications of the 
concept can be found in [6] [7]. The paper by V. V. Chistyakov and O. E. Galkin 
in [8] in 1998 is very important in the context of p-variation. 

The class of nonlinear problems with exponent growth is a new research field 
and it reflects a new kind of physical phenomena. In 2000 the field began to 
expand even further. Motivated by problems in the study of electrorheological 
fluids, Diening [9] raised the question of when the Hardy-Littlewood maximal 
operator and other classical operators in harmonic analysis are bounded on 
variable Lebesgue spaces. These and related problems are the subject of active 
research to this day. These problems are interesting in applications (see [10] [11] 
[12] [13]) and gave rise to a revival of the interest in Lebesgue and Sobolev 
spaces with variable exponent, the origins of which can be traced back to the 
work of Orlicz [14] in the 1930’s. In the 1950’s, this study was carried on by 
Nakano [15] [16] who made the first systematic study of spaces with variable 
exponent. Later, Polish and Czechoslovak mathematicians investigated the 
modular function spaces (see for example Musielak [17] [18], Kovacik and 
Rakosnik [19] and Kozlowski [20]). We refer to the book [13] for detailed 
information on the theoretical approach for the Lebesgue and Sobolev spaces 
with variable exponents. Recently, in [21] Castillo, Merentes and Rafeiro studied 
a new space of functions of generalized bounded variation. They introduced the 
notion of bounded variation in the Wiener sense with variable exponent ( )p ⋅  
on [ ],a b  and study some of its properties. 

Definition 3 Given a function [ ] ( ): , 1,p a b → ∞ , a partition  
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{ }0 1 na t t t bπ = = < < < =  of the interval [ ],a b , and a function 
[ ]: ,f a b → , the nonnegative real number 

( ) ( ) ( ) [ ]( ) ( ) ( ) ( )1

1
1

, , : sup ,j
n p xW W

j jp pV f V f a b f t f t
π

−

∗
−⋅ ⋅

=

= = −∑         (1.1) 

is called the Wiener variation with variable exponent (or ( )p ⋅ -variation in 
Wiener’s sense) of f  on [ ],a b  where *π  is a tagged partition of the interval 
[ ],a b , i.e., a partition of the interval [ ],a b  together with a finite sequence of 
numbers 0 1, , nx x −  subject to the conditions that for each j, 1j j jt x t +≤ ≤ . 

In case that ( ) [ ]( ); ,W
pV f a b⋅ < ∞ , we say that f  has bounded Wiener 

variation with variable exponent (or bounded ( )p ⋅ -variation in Wiener’s sense) 
on [ ],a b . The symbol ( ) [ ] ( ) [ ], ,W

p pWBV a b BV a b⋅ ⋅=  will denote the space of 
functions of bounded ( )p ⋅ -variation in Wiener’s sense with variable exponent 
on [ ],a b . 

The aim of this paper is to provide a description of the new class formed by 
the functions of bounded ( )( ), 2p ⋅ -variation in the sense of Wiener as an 
extension to the double case of the previous concept. Also, we prove structural 
properties for mappings of bounded ( )( ), 2p ⋅ -variation in the Wiener’s sense. 
Finally, we show that any uniformly bounded composition operator that maps 
the space ( )( ) [ ],2 ,W

pBV a b⋅  into itself necessarily satisfies the so-called Mat- 
kowski’s conditions. 

2. Preliminaries 

In this section we present some definitions and propositions that will be used 
through out this paper. 

Definition 4 Let 1 p< < ∞ , π  be a partition { }0 1 na t t t bπ = = < < < =  
of the interval [ ],a b , and [ ]: ,f a b →  be a function. The nonnegative real 
number 

( ) ( ) ( ) [ ]( ) ( ) ( ) ( ) ( )1 1 1
,2 ,2

1 1 1

; , : sup ,

p
n j j j jW W

p p
j j j j j

f t f t f t f t
V f V f a b

t t t tπ

−
+ −

= + −

− −
= = −

− −∑  

is called the De La Vallée Poussin-Wiener variation (or ( ), 2p -variation in 
Wiener’s sense) of f  on [ ],a b  where the supremum is taken over all  
partitions π  of [ ],a b . In the case that ( ) ( ),2

W
pV f < ∞ , we say that f  has 

bounded ( ), 2p -variation on [ ],a b  and we denote by ( ) [ ],2 ,W
pf BV a b∈ . 

For the interested readers can see some of the properties in [2] [7] and other 
related problems in [22]. 

Proposition 1 Let [ ]: ,f a b →  be a function with , 0a b >  and consider 
1 p< < ∞ . Then 

1) ( ) [ ]( ),2 ; , 0W
pV f a b =  if and only if f  is a liner function. 

2) If ( ) [ ]( ),2 ; ,W
pV f a b < ∞ , then f  is bounded in [ ],a b . 

3) ( ) [ ]( ),2 ; ,W
pV a b⋅  is a convex function. 
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Proof. 1) Suppose first that f  is a linear function. If ( )f t tα β= +  for all 
[ ],t a b∈ , with ,α β ∈ , then by Definition 4, it follows easily that  

( ) [ ]( ),2 ; , 0W
pV f a b = . 
Now, if ( ) [ ]( ),2 ; , 0W

pV f a b = , then by Definition 4 we have 

( ) [ ]( )

( ) ( ) ( ) ( )
,2

1 1 1

1 1 1

0 ; ,

sup .

W
p

p
n j j j j

j j j j j

V f a b

f t f t f t f t

t t t tπ

−
+ −

= + −

=

− −
= −

− −∑
 

Hence, for any partition { }0 1 na t t t bπ = = < < < =  of the interval [ ],a b , 
we should have that 

( ) ( ) ( ) ( )1 1 1

1 1 1

0.

p
n j j j j

j j j j j

f t f t f t f t

t t t t

−
+ −

= + −

− −
− =

− −∑  

Then, any term in the sum should be zero. Since the function pt t→  
vanishes only at zero, it follows that 

( ) ( ) ( ) ( )1 1

1 1

for all 1, 2, , 1.j j j j

j j j j

f t f t f t f t
j n

t t t t
+ −

+ −

− −
= = −

− −
  

Therefore, f  is equal to a linear function. 
2) Suppose that ( ) [ ],2 ,W

pf BV a b∈  and f  is not bounded, then there exists a 

sequence { } 1n n
t

≥
, ( ),nt a b∈ , 1n ≥  such that ( )nf t →∞  when n →∞ . Let 

{ } 1m m
t

≥  be a subsequence of { } 1n n
t

≥  such that { } 1m m
t

≥  converge to [ ],x a b∈ . 

Then, as ( ){ } 1m m
f t

≥
 is a subsequence of ( ){ } 1n n

f t
≥

, so 

( ) when .mf t n→∞ →∞  

We have that 

( ) ( ) ( ) ( )
( ) [ ]( )1 1

,2
1 1

; , , 1.
p

n n n n W
p

n n n n

f t f t f t f t
V f a b n

t t t t
+ −

+ −

− −
− ≤ ≥

− −
 

Moreover for { }ma t t bπ = ≤ ≤ ≤ ≤  we get 

( ) ( ) ( ) ( )
( ) [ ]( ) ( ) [ ]( ),2 ,2, , , , .

p
m W W

mp p
m

f t f t f t f a
V f a t V f a b

t t t a
− −

− ≤ ≤
− −

 

In consequence, ( ) [ ]( ),2 ; ,W
pV f a b = ∞ , since 

( ) ( ) ( ) ( ) ,
p

m

m

f t f t f t f a
t t t a
− −

− →∞
− −

 

as m →∞ , which is a contradiction with ( ) [ ],2 ,W
pf BV a b∈ . Therefore f  is 

bounded. 
3) Let [ ], : ,f g a b →  be two functions, [ ], 0,1α β ∈  such that 1α β+ =  

and { }0 1 na t t t bπ = = < < < =  be a partition of [ ],a b . Since pt  is convex 
and nondecreasing, we have that 
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( ) [ ]( ) ( ) [ ]( )
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1 1 1

1 1 1

1 1 1

1 1 1

1 1

1
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sup
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W W
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n j j j j

j j j j j
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n j j j j

j j j j j

n j j j j

j j j j j

j j j j
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; , .
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−
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Then, ( ) [ ]( ),2 ; ,W
pV a b⋅  is a convex function. 

Definition 5 (Norm in ( ) [ ],2 ,W
pBV a b ) The functional  

( ) ( ) [ ],2,2 : ,W W
pp BV a b⋅ →  defined by 

( ) ( ) ( ) ( ) [ ]( )
1

,2,2 : ; ,W W p
ppf f a f a V f a b′= + +         (2.1) 

is a norm. 
In [7], the authors have shown that the linear space ( ) [ ],2 ,W

pBV a b  with the 
norm (2.1) is a Banach space and ( ) [ ] [ ],2 , ,W W

ppBV a b BV a b⊂ . 

3. Main Results 

In [23] the authors present and study the space of functions of bounded ( )p ⋅
-variation as an extension of the space [ ],W

pBV a b . In this section, our goal is to 
study the corresponding space of functions of bounded second ( )p ⋅ -variation, 
with ( )p ⋅  be a variable exponent, as an extension of ( ) [ ],2 ,W

pBV a b . 
Definition 6 Let p  be a function [ ] ( ): , 1,p a b → ∞ , π  be a partition 
{ }0 1 na t t t bπ = = < < < =  of the interval [ ],a b  and [ ]: ,f a b →  be a 

function. The nonnegative real number 

( )( ) ( ) ( )( ) [ ]( ) ( ) ( ) ( ) ( ) ( )1
1 1 1

,2 ,2
1 1 1

; , : sup ,
jp x

n j j j jW W
p p

j j j j j

f t f t f t f t
V f V f a b

t t t tπ

−

∗

−
+ −

⋅ ⋅
= + −

− −
= = −

− −∑  

is called the De La Vallée Poussin-Wiener variation with variable exponent (or 
( )( ), 2p ⋅ -variation in De La Vallée Poussin-Wiener’s sense) of f  on [ ],a b , 

where *π  is a tagged partition of the interval [ ],a b , i.e., a partition of the 
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interval [ ],a b  together with a finite sequence of numbers 0 2, , nx x −  subject 
to the conditions 1j j jt x t +≤ ≤  for each j . It is worth to note that by definition 
(we take supremum over all partitions), the number ( )( ) ( ),2

W
pV f⋅  does not 

depend on the election of the argument of the exponent. In the case that 

( )( ) ( ),2
W
pV f⋅ < ∞ , we say that f  has bounded ( )( ), 2p ⋅ -variation on [ ],a b . 
We will denote by ( )( ) [ ] ( )( ) [ ],2 ,2, ,W W

p pBV a b V a b⋅ ⋅=  the space of functions of 
bounded ( )( ), 2p ⋅ -variation in Wiener’s sense with variable exponent in [ ],a b . 
It is endowed with the functional: 

( )( )[ ] ( ) ( ) ( )( ) [ ]
,2

,2, inf 0; ; , 1 .W
p

W
pBV a b

ff f a f a V a bλ
λ⋅

+ ⋅

  ′= + + > ≤  
  

        (3.1) 

Then, 

( )( ) [ ]
( )( )[ ] [ ]

( )( )[ ],2 ,2
,2 , ,, , : : , ; .W W

p p

W
p BV a b BV a bBV a b f a b f

⋅ ⋅
⋅

   ⋅ = → < ∞  
   

  

Remark 3.1 Given a function [ ] [ ): , 1,p a b → ∞ . 
1) If ( ) 1p x =  for all [ ],x a b∈ , then ( )( ) [ ] [ ]2

,2 , ,W
pBV a b BV a b⋅ = . 

2) If ( )p x p=  for all [ ],x a b∈  and 1 p< < ∞  then 

( )( ) [ ] ( ) [ ],2,2 , ,W W
ppBV a b BV a b⋅ = , i.e., the space of bounded ( )( ), 2p ⋅ -variation in De  

la Vallée Poisson-Wiener’s sense with variable exponent is exactly the space of 
bounded ( ), 2p -variation in De la Vallée Poisson-Wiener’s sense. 

Given a function [ ] ( ): , 1,p a b → ∞ , that is, a variable exponent function, let 
us define as in the literature, 

[ ] ( ) [ ] ( ){ }{ },: essinf sup : , ; 0 ,x a bp p x x a b p xβ β−
∈= = ∈ ∈ < =  

and 

[ ] ( ) [ ] ( ){ }{ },: esssup inf : , ; 0 .x a bp p x x a b p xα α+
∈= = ∈ ∈ > =  

It is said that the exponent p is admissible if the range of p is in ( )1,∞  and 
p+  is finite. 

Let us recall a classical concept in the theory of function spaces. Let X be a 
vector space over  . A convex and left-continuous function [ ]: 0,Xρ → ∞  is 
called a convex pseudo-modular on X if for arbitrary x and y, there holds: 

1) ( )0 0xρ = , 
2) ( ) ( )x xρ α ρ=  for every α ∈  such that 1α = , 
3) ( )( ) ( ) ( ) ( )1 1x y x yρ α α αρ α ρ+ − ≤ + −  for every [ ]0,1α ∈ . 

It is possible to see that for p be an admissible function, the functional  

( )( ) [ ]( ),2 ; ,W
pV a b⋅ ⋅  is a convex pseudo-modular. 

Proposition 2 Let p  be an admissible function. Then ( )( ) [ ]( ),2 ; ,W
pV a b⋅ ⋅  is a 

convex pseudo-modular. 
Proof. We have that for any ( )( ) [ ],2 ,W

pf BV a b⋅∈ ,  

( )( ) [ ]( ) ( )( ) [ ]( ),2 ,20 ; , 0; , 0W W
p pV f a b V a b⋅ ⋅= = . Moreover, the fact that for any 
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( )( ) [ ],2 ,W
pf BV a b⋅∈ , ( )( ) [ ]( ) ( )( ) [ ]( ),2 ,2; , ; ,W W

p pV f a b V f a bα⋅ ⋅=  whenever 1α =  

follows immediately from the definition. 
Finally, with the same kind of argument than in Proposition 1(c) it follows  

that for [ ]0,1α ∈  and ( )( ) [ ],2, ,W
pf g BV a b⋅∈  we have that 

( )( ) ( ) [ ]( ) ( )( ) [ ]( ) ( ) ( )( ) [ ]( ),2 ,2 ,21 ; , ; , 1 ; , .W W W
p p pV f g a b V f a b V g a bα α α α⋅ ⋅ ⋅+ − ≤ + −  

Definition 7 A convex and left-continuous function [ ]: 0,Xρ → ∞  is called 
semimodular on X  if 

1) ( )0 0ρ = , 
2) ( ) ( )x xρ ρ− =  for every x X∈ , and 
3) if ( ) 0xρ λ =  for every λ∈ , then 0x = . 
For p  be an admissible function, the functional ( )( ) [ ]( ),2 , ,W

pV a b⋅ ⋅  is a 
semimodular on X . 

Proposition 3 Let p  be an admissible function. Then ( )( ) [ ]( ),2 , ,W
pV a b⋅ ⋅  is a 

semimodular. 
Proof. Let ( )( ) [ ],2 ,W

pf BV a b⋅∈  and *π  be a tagged partition of [ ],a b , then 

( )( ) ( )
( ) ( )( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( )( ) ( )

1

*

1

*

1

*

1 1 1

,2
1 1 1

1 1 1

1 1 1

1 1 1

1 1 1

,2

sup

sup 1

sup

.

j

j

j

p x
n j j j jW

p
j j j j j

p x
n j j j j

j j j j j

p x
n j j j j

j j j j j

W
p

f t f t f t f t
V f

t t t t

f t f t f t f t

t t t t

f t f t f t f t

t t t t

V f

π

π

π

−

−

−

− + −

⋅
= + −

−
+ −

= + −

−
+ −

= + −

⋅

− − − −
− = −

− −

 − −
 = − −
 − − 

− −
= −

− −

=

∑

∑

∑

 

On the other hand, if 

( )( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1

*

1

*

1

1

*

1 1 1
,2

1 1 1

1 1 1

1 1 1

1 1 1

1 1 1

sup

sup

sup 0,

j

j

j

j

p x
n j j j jW

p
j j j j j

p x
n j j j j

j j j j j

p x
n j j j jp x

j j j j j

f t f t f t f t
V f

t t t t

f t f t f t f t

t t t t

f t f t f t f t

t t t t

π

π

π

λ λ λ λ
λ

λ

λ

−

−

−

−

−
+ −

⋅
= + −

−
+ −

= + −

−
+ −

= + −

− −
= −

− −

 − −
 = −
 − − 

− −
= − =

− −

∑

∑

∑

 

for every λ , necessarily it follows that 0f = . 
Proposition 4 Let X  be a vector space, ρ  be a semimodular on X  and 

f X∈ . Then 
1) ( ) 1fρ ≤  if and only if 1f

ρ
≤ , 

2) if 1f
ρ
≤ , then ( )f f

ρ
ρ ≤ , 
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3) if 1f
ρ
> , then ( )f f

ρ
ρ ≥ , 

4) for every f X∈ , ( ) 1f f
ρ

ρ≤ + . 

Theorem 1 Let [ ]: ,f a b →  be a function and p  be an admissible 
function, then [ ] ( )( ) [ ]2

,2, ,W
pBV a b BV a b⋅⊂ . 

Proof. Let p  be an admissible function, *π  be a tagged partition of the 
interval [ ],a b , [ ]2 ,f BV a b∈  and 

( ) ( ) ( ) ( )1 1*

1 1

: 1 .j j j j

j j j j

f t f t f t f t
j

t t t t
σ π + −

+ −

 − − = ∈ − ≤ 
− −  

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1

1 1

1 1 1

1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1

j

j j

p x
n j j j j

j j j j j

p x p x

j j j j j j j j

j jj j j j j j j j

j j j j j j j j

j jj j j j j j

f t f t f t f t

t t t t

f t f t f t f t f t f t f t f t

t t t t t t t t

f t f t f t f t f t f t f t f t

t t t t t t

σ σ

σ σ

−

− −

−
+ −

= + −

+ − + −

∈ ∉+ − + −

+ − + −

∈ ∉+ − +

− −
−

− −

− − − −
= − + −

− − − −

− − − −
≤ − + −

− − −

∑

∑ ∑

∑ ∑
( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) [ ]( ) ( ) ( ) ( ) ( ) ( )

1

1

1

1

1 1 1 1 1

1 1 1 1 1

1 12

1 1

; , .

j

j

j

p x

j j

p x
n j j j j j j j j

j jj j j j j j j j

p x

j j j j

j j j j j

t t

f t f t f t f t f t f t f t f t

t t t t t t t t

f t f t f t f t
V f a b

t t t t

σ

σ

−

−

−

−

−
+ − + −

= ∉+ − + −

+ −

∉ + −

−

− − − −
≤ − + −

− − − −

− −
≤ + −

− −

∑ ∑

∑

 

Then, 

( )( ) ( )
( ) ( ) ( ) ( ) ( )

( ) [ ]( ) ( ) ( ) ( ) ( ) ( )

1

*

1

*

1 1 1
,2

1 1 1

1 12

1 1

: sup

; , sup .

j

j

p x
n j j j jW

p
j j j j j

p x

j j j j

j j j j j

f t f t f t f t
V f

t t t t

f t f t f t f t
V f a b

t t t t

π

π σ

−

−

−
+ −

⋅
= + −

+ −

∉ + −

− −
= −

− −

− −
≤ + −

− −

∑

∑

 

The proof of the fact that 
( ) ( ) ( ) ( ) ( )1

*

1 1

1 1

sup
jp x

j j j j

j j j j j

f t f t f t f t

t t t tπ σ

−

+ −

∉ + −

− −
− < ∞

− −∑   

will be by contradiction. That is, we assume that 

( ) ( ) ( ) ( ) ( )1

*

1 1

1 1

sup
jp x

j j j j

j j j j j

f t f t f t f t

t t t tπ σ

−

+ −

∉ + −

− −
− = ∞

− −∑ . Therefore, there exists a  

tagged partition *π  such that 

( ) ( ) ( ) ( ) ( )1

1 1

1 1

.
jp x

j j j j

j j j j j

f t f t f t f t

t t t tσ

−

+ −

∉ + −

− −
− = ∞

− −∑  

Since j σ∉  and ( ) 1p ⋅ >  we get 
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( ) ( ) ( ) ( )1 1

1 1

1.j j j j

j j j j

f t f t f t f t

t t t t
+ −

+ −

− −
− >

− −
 

But this is satisfied only for a finite number of terms, because in opposite case 
we would get 

( ) [ ]( ) ( ) ( ) ( ) ( )1 12

1 1

; , 1 ,j j j j

j jj j j j

f t f t f t f t
V f a b

t t t tσ σ

+ −

∉ ∉+ −

− −
≥ − > →∞

− −∑ ∑  

which is a contradiction as [ ]2 ,f BV a b∈ . Then, taking supremum we get 

( )( ) [ ]( ) ( ) ( ) ( ) ( ) ( )1

*

1 1 1
,2

1 1 1

; , sup .
jp x

n j j j jW
p

j j j j j

f t f t f t f t
V f a b

t t t tπ

−
−

+ −

⋅
= + −

− −
= − < ∞

− −∑  

Theorem 2 Let p  be an admissible function. If ( )( ) [ ],2 ,W
pf BV a b⋅∈ , then it 

follows that for any ( ),c a b∈  

( )( ) [ ]( ) ( )( ) [ ]( ) ( )( ) [ ]( ),2 ,2 ,2; , ; , ; , .W W W
p p pV f a c V f c b V f a b⋅ ⋅ ⋅+ ≤         (3.2) 

Proof. By the definition of ( )( ) [ ]( ),2 ; ,W
pV f a c⋅  and ( )( ) [ ]( ),2 ; ,W

pV f c b⋅  we have 

that, for each 0> , there are partitions ( ),a cπ  and ( ),c bπ  with  

( ) { }0, : , , ma c a t t cπ = = =
 and ( ) { }0, : , , rc b c t t bπ = = =

, and sequences of  

points { } 2

0

m
j j

x
−

=
 and { } 2

0

r
j j

y
−

=
 such that 1j j jt x t +≤ ≤  for 0, , 2j m= −  and 

1j j jt y t +≤ ≤  for 0, , 2j r= −  that satisfies 

( ) ( ) ( ) ( ) ( )

( )( ) [ ]( )
1

1 1 1
,2

1 1 1

; , ,
2

jp x
m j j j j W

p
j j j j j

f t t t f t f t
V f a c

t t t t

−
−

+ −

⋅
= + −

− −
− > −

− −∑   

and 

( ) ( ) ( ) ( ) ( )

( )( ) [ ]( )
1

1 1 1
,2

1 1 1

; , .
2

jp y
r j j j j W

p
j j j j j

f t f t f t f t
V f c b

t t t t

−
−

+ −

⋅
= + −

− −
− > −

− −∑   

Taking ( ) ( ) { }0 1, , , , r ma c c b a u u bπ π π + −= = = = 
 and the points 

{ } { } { }2 2

0 0
:

m r
j j jj j j

z x y
− −

= =
=  , we get a partition of [ ],a b  such that 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1

1

1

2 1 1

1 1 1

1 1 1

1 1 1

1 1 1

1 1 1

,

j

j

j

p z
m r j j j j

j j j j j

p y
r j j j j

j j j j j

p x
m j j j j

j j j j j

f u f u f u f u

u u u u

f t f t f t f t

t t t t

f t t t f t f t

t t t t

−

−

−

+ −
+ −

= + −

−
+ −

= + −

−
+ −

= + −

− −
−

− −

− −
= −

− −

− −
+ −

− −

∑

∑

∑

 

which implies that 
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( ) ( ) ( ) ( ) ( )

( )( ) [ ]( ) ( )( ) [ ]( )

1
2 1 1

1 1 1

,2 ,2; , ; , .
2 2

jp z
m r j j j j

j j j j j

W W
p p

f u f u f u f u

u u u u

V f c b V f a c

−
+ −

+ −

= + −

⋅ ⋅

− −
−

− −

> − + −

∑

 
        (3.3) 

Letting 0→  first, and then taking the corresponding supremum in the 
left-hand side of (3.3), it follows (3.2). 

Define 
( ) [ ]( )

[ ]
( ) ( ) ( ) ( ) ( )

, , ,

; ,

: sup .

ts

ts

p x

p x

t s a b

f a b

f t f s f s f
t s s

σ

σ

σ

ω

σ
σ∈

 − − = − 
− −  

 

Lemma 1 Basic properties of the ( )( ), 2p ⋅ -variation in De La Vallée 
Poussin-Wiener’s sense Let [ ]: ,f a b →  be an arbitrary map. We have the 
following properties: 

(P1) For any [ ], , ,t s a bσ ∈ , we have that 

( ) ( ) ( ) ( ) ( )

( ) [ ]( ) ( )( ) [ ]( ),2; , ; , .
ts

ts

p x
W

p x p

f t f s f s f
f a b V f a b

t s s

σ

σ

σ
ω

σ ⋅

− −
− ≤ ≤

− −
 

(P2) Monotonicity: If [ ], ,t s a b∈  and a t s b≤ ≤ ≤ , then 

( )( ) [ ]( ) ( )( ) [ ]( ),2 ,2; , ; ,W W
p pV f a t V f a s⋅ ⋅≤ , ( )( ) [ ]( ) ( )( ) [ ]( ),2 ,2; , ; ,W W

p pV f s b V f t b⋅ ⋅≤ , and 

( )( ) [ ]( ) ( )( ) [ ]( ),2 ,2; , ; , .W W
p pV f t s V f a b⋅ ⋅≤  

(P3) Semi-additivity: If ( ),t a b∈ , then 

( )( ) [ ]( ) ( )( ) [ ]( ) ( )( ) [ ]( ),2 ,2 ,2; , ; , ; , .W W W
p p pV f a t V f t b V f a b⋅ ⋅ ⋅+ ≤  

(P4) Change of variable: If [ ] [ ]: , ,c d a bϕ →  is a monotone function, then 

( )( ) [ ]( ) ( )( ) [ ]( ),2 ,2; , ; , .W W
p pV f c d V f c dϕ ϕ⋅ ⋅=          (3.4) 

(P5) Regularity: ( )( ) [ ]( ) ( )( ) [ ]( ) [ ]{ },2 ,2; , sup ; , ; , , .W W
p pV f a b V f s t s t a b⋅ ⋅= ∈  

Proof. (P1) We have that for any [ ], , ,t s a bσ ∈ , 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

[ ]

( ) [ ]( )

( ) ( ) ( ) ( ) ( )

( )( ) [ ]( )

1
1 1 1

1 1 1

,2

sup ; , , ,

: ; ,

sup

; , .

ts

ts

ts

j

p x

p x

p x

p x
m j j j j

j j j j j

W
p

f t f s f s f
t s s

f t f s f s f
t s a b

t s s

f a b

f t f t f t f t

t t t t

V f a b

σ

σ

σ

π

σ
σ

σ
σ

σ

ω

−
−

+ −

= + −

⋅

− −
−

− −

 − − ≤ − ∈ 
− −  

=

− −
≤ −

− −

=

∑

 

(P2) Let a t s b≤ ≤ ≤  and the partition  

{ }0 1 1 2: m m na t t t t t s t bπ = = < < < = < < = < < =   . Then 
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( )( ) [ ]( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1

*

1

*

1

*

*

1 1 1
,2

1 1 1

1 1 1

1 1 1

2 1 1

1 1 1 1

2 1

1 1

; , sup

sup

sup

sup

j

j

j

p x
m j j j jW

p
j j j j j

p x
m j j j j

j j j j j

p x
m j j j j

j m j j j j

m j j j j

j j j

f t f t f t f t
V f a t

t t t t

f t f t f t f t

t t t t

f t f t f t f t

t t t t

f t f t f t f t

t t

π

π

π

π

−

−

−

+ −

⋅
= + −

+ −

= + −

+ −

= + + −

+

= +

− −
= −

− −

− −
≤ −

− −

− −
+ −

− −

− −
≤ −

−

∑

∑

∑

∑
( ) ( )

( )( ) [ ]( )

1

1

1

,2 ; , .

jp x

j j

W
p

t t

V f a s

−

−

−

⋅

−

=

 

The other cases follow in a similar way. 
(P3) Semi-additivity: It is obtained in Theorem 2. 
(P4) It follows as in ([23], Lemma 2 (P4)). Indeed, let [ ],c d ⊂  , 
[ ] [ ]: , ,c d a bϕ →  be a (not necessarily strictly) monotone function, 0π  be a  

tagged partition of the interval [ ],c d , { }1 00

m
j j

T τ π
=

= ∈  and { } 0

m
j j

T t
=

=  with 

( )j jt ϕ τ= , then 

( )( ) ( )

( )( ) ( )( ) ( )( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )

( )( ) ( ) ( )( ) [ ]( )( )

1

1

1

1,2

1 1

1 1 1

1 1

1 1 1

,2 ,2

,

sup

sup

, , , .

j

j

W
p

p x
m j j j j

T j j j j j

p x
m j j j j

T j j j j j

W W
p p

V f T

f f f f

f t f t f t f t

t t t t

V f T V f c d

ϕ

ϕ τ ϕ τ ϕ τ ϕ τ

τ τ τ τ

ϕ

−

−

⋅

+ −

= + −

+ −

= + −

⋅ ⋅

− −
= −

− −

− −
= −

− −

= ≤

∑

∑



 

On the other hand, if a partition { } 0

m
j j

T t
=

=  of [ ]( ),c dϕ  is such that 

1j jt t− <  for 1, ,j m=   then there exists [ ],j c dτ ∈  such that ( )j jt ϕ τ=   

and, again by the monotonicity of ϕ  

( )( ) ( ) ( )( ) ( ) ( )( ) [ ]( )( )1,2 ,2 ,2, , , , .W W W
p p pV f T V f T V f c dϕ ϕ⋅ ⋅ ⋅= ≤  

(P5) By monotonicity ( )( ) [ ]( ) ( )( ) [ ]( ) [ ]{ },2 ,2; , sup ; , ; , , .W W
p pV f a b V f s t s t a b⋅ ⋅≥ ∈  

On the other hand, for any ( )( ) [ ]( ),2 ; ,W
pV f a bα ⋅<  such that there exists a tagged 

partition { } 0

n
i i

t
=

Π =  of [ ],a b  with ( )( ) ( ),2 ; .W
pV f α⋅ Π ≥  We define π  a  

partition of the interval [ ]0 , mt t  then πΠ∈  and  

( )( ) ( ) ( )( ) ( ),2 ,2; ;W W
p pV f V fπ α⋅ ⋅≥ Π ≥ , i.e., 

( )( ) [ ]( ) ( )( ) [ ]( ) [ ]{ },2 ,2; , sup ; , ; , , .W W
p pV f a b V f s t s t a b⋅ ⋅≤ ∈  
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Lemma 2 If 1 2β β> , then ( )( ) [ ] ( )( ) [ ],2 ,2
1 2

; , ; ,W W
p p

f fV a b V a b
β β⋅ ⋅

   
≤   

   
 for all 

( )( ) [ ],2 ,W
pf BV a b⋅∈ . 

Proof. Let 1 2,β β  such that 1 2β β> . Then, consider any partition π  of 
[ ],a b , { }0 , , na t t bπ = = =  and any finite sequence of numbers 0 2, , nx x −  
subject to the conditions 1j j jt x t +≤ ≤  for each 2j n≤ − . It follows that 

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

1

1

1

1 1
1 1 1 1

1 1

1 1

1 1 1

1 1

2 1 1

1
2 2

1

1

1

i

i

i

p x

i i i i

i i i i

p x

i i i i

i i i i

p x

i i i i

i i i i

i i

i i

f f f ft t t t

t t t t

f t f t f t f t
t t t t

f t f t f t f t
t t t t

f ft t

t t

β β β β

β

β

β β

−

−

−

+ −

+ −

+ −

+ −

+ −

+ −

+

+

       
− −       

       −
− −

 − −
= − − − 

 − −
≤ − − − 

   
−   

   = −
−

( ) ( )
( )1

1
2 2

1

ip x

i i

i i

f ft t

t t
β β

−

−

−

   
−   

   
−

 

as 
2 1

1 1
β β

≥ . Then, as this inequality follows for all terms in the sum 

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( )
( )

1

1

1 11
1 1 1 1

1 1 1

1 11
2 2 2 2

1 1 1

i

i

p x

i i i in

i i i i i

p x

i i i in

i i i i i

f f f ft t t t

t t t t

f f f ft t t t

t t t t

β β β β

β β β β

−

−

+ −−

= + −

+ −−

= + −

       
− −       

       −
− −

       
− −       

       ≤ −
− −

∑

∑

 

Taking supremum in any partition, it follows that 

( )( ) [ ] ( )( ) [ ],2 ,2
1 2

; , ; , .W W
p p

f fV a b V a b
β β⋅ ⋅

   
≤   

   
 

Proposition 5 Let p  be an admissible function. The space ( )( ) [ ],2 ,W
pBV a b⋅  is 

a vectorial space. 
Proof. Let ( )( ) [ ],2, ,W

pf g BV a b⋅∈  and consider any partition  
{ }0 , , na t t bπ = = =  and any finite sequence of numbers 0 2, , nx x −  subject to 

the conditions 1j j jt x t +≤ ≤  and ,α β ∈ . By definition, there exists 1 2,β β  
such that 
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( )( ) [ ] ( )( ) [ ],2 ,2
1 2

; , 1 and ; , 1 .W W
p p

f gV a b V a b
β β⋅ ⋅

   
≤ < ∞ ≤ < ∞   

   
 

Let { }1 2
ˆ : max , 0β β β= > . By Lemma 2, it follows that 

( )( ) [ ] ( )( ) [ ],2 ,2
1

; , ; ,ˆ
W W
p p

f fV a b V a b
ββ⋅ ⋅

   
< < ∞   

  
 

( )( ) [ ] ( )( ) [ ],2 ,2
2

; , ; , .ˆ
W W
p p

g gV a b V a b
ββ⋅ ⋅

   
< < ∞   

  
 

The rest of the proof follows analyzing the possible cases. 
1) If 0α β= = , then ( )( ) [ ],2 ,W

pf g BV a bα β ⋅+ ∈ . 
2) If 0α ≠  and/or 0β ≠ . Let ( ) ˆ 0µ α β β= + > , and consider any tagged 

partition *π  of [ ],a b , { }*
0 na t t bπ = = ≤ ≤ =  which is any partition π  of 

[ ],a b  and any finite sequence of numbers 0 2, , nx x −  subject to the conditions 

1j j jt x t +≤ ≤  for each 2j n≤ − . Then, by convexity of pt , when 1 p< < ∞ , it 
follows that 

( ) ( ) ( ) ( )
( )

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )

( ) ( )

1

1

1 11

1 1 1

1 1 1 1 1

1 1 1

1 1

1 1

1 1

j

j

p x

j j j jn

j j j j j

p x

n j j j j j j j j

j j j j j

n j j

j j j

f g f g f g f gt t t t

t t t t

f t f t g t g t f t f t g t g t

t t t t

f t f t f t

t t

α β α β α β α β
µ µ µ µ

α β α β

µ µ

α
µ

−

−

+ −−

= + −

− + + − −

= + −

−
+

= +

       + + + +
− −       

       −
− −

   − + − − + −   = −
− −

−
≤ −

−

∑

∑

∑
( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1

1

1 1 1

1 1 1

1 1 1

1 1 1

1 1

1 1

1 1

1 1

1
ˆ

1
ˆ

1
ˆ

j

j

p x

j j j j j j

j j j j j j

n j j j j

j j j j j

p x

j j j j

j j j j

n j j j

j j j

f t g t g t g t g t

t t t t t t

f t f t f t f t

t t t t

g t g t g t g t

t t t t

f t f t f t

t t

β
µ

α
α β β

β
α β β

α
α β β

−

−

− + −

− − −

−
+ −

= + −

+ −

+ −

−
+

= +

 − − −
 + −
 − − − 
 − −
≤ −
 + − −

− −
+ −
+ − − 

−
≤ −

+ −

∑

∑
( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1

1

1

1

1

1 1

1 1

1 1 1

1 1 1

1 1 1

1 1 1

1
ˆ

1
ˆ

1
ˆ

j

j

j

p x

j

j j

p x

j j j j

j j j j

p x
n j j j j

j j j j j

n j j j j

j j j j j

f t

t t

g t g t g t g t

t t t t

f t f t f t f t

t t t t

g t g t g t g t

t t t t

β
α β β

α
α β β

β
α β β

−

−

−

−

−

+ −

+ −

−
+ −

= + −

−
+ −

= + −

  −    −  
 − −  + −  + − −   

 − −
 ≤ −
 + − − 

 − −
+ −

+ − −

∑

∑
( )1

.
jp x −

 
 
 

 

https://doi.org/10.4236/apm.2017.79033


O. Mejía et al. 
 

 

DOI: 10.4236/apm.2017.79033 520 Advances in Pure Mathematics 
 

Therefore, 

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1

1

1 11

1 1 1

1 1 1

1 1 1

1 1 1

1 1 1

1
ˆ

1
ˆ

j

j

p x

j j j jn

j j j j j

p x
n j j j j

j j j j j

n j j j j

j j j j j

f g f g f g f gt t t t

t t t t

f t f t f t f t

t t t t

g t g t g t g t

t t t t

α β α β α β α β
µ µ µ µ

α
α β β

β
α β β

−

−

+ −−

= + −

−
+ −

= + −

−
+ −

= + −

       + + + +
− −       

       −
− −

 − −
 ≤ −
 + − − 

 − −
+ −

+ − −

∑

∑

∑
( )

( )( ) [ ] ( )( ) [ ]

1

,2 ,2; , ; , .ˆ ˆ

jp x

W W
p p

f gV a b V a b
α β

α β α ββ β

−

⋅ ⋅


 
 


   

≤ + < ∞   
+ +   

 

Then, taking supremum over all partitions, we get that 

( )( ) [ ]

( )( ) [ ] ( )( ) [ ]

,2

,2 ,2

; ,

; , ; ,ˆ ˆ

1 .

W
p

W W
p p

f gV a b

f gV a b V a b

α β
µ

α β
α β α ββ β
α β

α β α β

⋅

⋅ ⋅

 +
 
 

   
≤ +   

+ +   

≤ + = < ∞
+ +

 

Therefore ( )( ) [ ],2 ,W
pf g BV a bα β ⋅+ ∈ . 

The other properties of a vectorial space follow similarly. 
Theorem 3 Let p  be an admissible function. The space ( )( ) [ ],2 ,W

pBV a b⋅  is a 
normed space. 

Proof. Let p  be an admissible function. Let us analyze all the properties of a 
norm. 

1) By definition of 
( )( )[ ],2 ,W

pBV a b
⋅

⋅ , we have that 
( )( )[ ],2 , 0W

pBV a bf
⋅

≥  for all 

( )( ) [ ],2 ,W
pf BV a b⋅∈  

2) To prove that 
( )( )[ ] ( )( )[ ],2 ,2, ,W W

p pBV a b BV a bf fα α
⋅ ⋅

=  for any α ∈ , we 

consider the possible cases: 
- If 0α = , then 

( )( )[ ] ( )( )[ ] ( )( )[ ] ( )( )[ ],2 ,2 ,2 ,2, , , ,0 0 0W W W W
p p p pBV a b BV a b BV a b BV a bf f fα α
⋅ ⋅ ⋅ ⋅

= = = =  

for any ( )( ) [ ],2 ,W
pf BV a b⋅∈ . 

- If 0α ≠ , then 

( )( )[ ] ( ) ( ) ( )( ) [ ]

( ) ( ) ( )( ) [ ]

,2
,2,

,2

inf 0; ; , 1

inf 0; ; , 1

W
p

W
pBV a b

W
p

ff f a f a V a b

ff a f a V a b

α
α α α λ

λ

α α λ
λ
α

⋅
+ ⋅

+ ⋅

  ′= + + > ≤  
  

  
   ′= + + > ≤  

      
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( ) ( ) ( )( ) [ ]

( ) ( ) ( )( ) [ ]

( ) ( ) ( )( ) [ ]

( )( )[ ],2

,2

,2

,2

,

inf 0; ; , 1

inf 0; ; , 1

inf 0; ; , 1

,W
p

W
p

W
p

W
p

BV a b

ff a f a V a b

ff a f a V a b

ff a f a V a b

f

λ
α α α

λα
α

λ
α α α

λα
α

α α α β
β

α
⋅

+ ⋅

+ ⋅

+ ⋅

  
   ′= + + > ≤  

      
  
   ′= + + > ≤  

      
   ′= + + > ≤  
   

=

 

3) Property 
( )( )[ ] ( )( )[ ] ( )( )[ ],2 ,2 ,2, , ,W W W

p p pBV a b BV a b BV a bf g f g
⋅ ⋅ ⋅

+ ≤ +  is satisfied by 

using that f g f g+ ≤ + , ( )f g f g f g+ + + ++
′ ′ ′ ′ ′+ = + ≤ +  and the 

previous proposition. 
4) Let us see that 

( )( )[ ],2 , 0W
pBV a bf
⋅

=  if and only if 0f = . 

- If 
( )( )[ ],2 , 0W

pBV a bf
⋅

= , then by definition of the norm, ( ) 0f a =  and 

( ) 0f a+′ = , and 

( )( ) [ ],2inf 0; ; , 1 0.W
p

fV a bλ
λ⋅

  > ≤ =  
  

 

Hence, we have by Proposition 3 and Proposition 4 (2) that 

( )( ) [ ]( )
( )( )[ ],2

,2 ,; , .W
p

W
p BV a bV f a b f

⋅
⋅ ≤  

Therefore, ( )( ) [ ]( ),2 ; , 0W
pV f a b⋅ = , and hence, 

( ) ( ) ( ) ( ) ( )1

*

1 1 1

1 1 1

sup 0.
jp x

n j j j j

j j j j j

f t f t f t f t

t t t tπ

−
−

+ −

= + −

− −
− =

− −∑  

Therefore, for any tagged partition *π  of the interval [ ],a b , that is a 
partition { }0 na t t bπ = = < < =  together with a finite sequence of numbers 

0 , , nx x  subject to the conditions 1j j jt x t +≤ ≤  for each j , we have that 

( ) ( ) ( ) ( ) ( )

{ }
1

1 1

1 1

0, 1, , 1 .
jp x

j j j j

j j j j

f t f t f t f t
j n

t t t t

−

+ −

+ −

− −
− = ∀ ∈ −

− −
  

So that 

( ) ( ) ( ) ( )
{ }1 1

1 1

, 1, , 1 .j j j j

j j j j

f t f t f t f t
j n

t t t t
+ −

+ −

− −
= ∀ ∈ −

− −
  

Consider the partition { }1 2a t t c t bπ = ≤ < = < ≤ . We get that 

( ) ( ) ( ) ( ) ( )lim lim 0.
c a c a

f t f c f c f a
f a

t c c a +→ + → +

− −
′= = =

− −
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Then 

( ) ( ) 0.
f t f a

t a
−

=
−

 

As ( ) 0f a =  is obtained that ( ) 0f t =  for all [ ],t a b∈ . 
- In other hand, if 0f = , then ( ) 0f t =  for all [ ],t a b∈ . Hence,  
( ) 0f a+′ =  and ( )( ) [ ]( ) ( )( ) [ ]( ),2 ,2; , 0; , 0W W

p pV f a b V a b⋅ ⋅= = . Therefore, by definition, 

( )( )[ ],2 , 0.W
pBV a bf
⋅

=  

Theorem 4 Let p  be an admissible function. The space ( )( ) [ ],2 ,W
pBV a b⋅  is a  

Banach space endowed with the norm in (3.1). 
Let { }n n

f
∈  be a Cauchy sequence in ( )( ) [ ],2 ,W

pBV a b⋅ . Then, for all 0> ,  

there exists ( )N   such that 

( )( )[ ] ( )
,2 ,

, , .W
p

m n BV a bf f m n N
⋅

− < ∀ >   

Therefore, by definition it follows that 

( )( ) [ ] ( ),2inf 0; ; , 1 , , ,W m n
p

f fV a b m n Nλ
λ⋅

 −  > ≤ < ∀ >  
  

          (3.5) 

( )( ) ( ), , ,m nf f a m n N− < ∀ >               (3.6) 

and 

( ) ( ) ( ), , .m nf f a m n N
+
′− < ∀ >               (3.7) 

Then, by (3.5) and Proposition 4 (2) we have that 

( )( ) [ ]( ),2 ; , .W
m npV f f a b⋅ − <   

It implies that for fixed t , ( ){ }n n
f t

∈
 is a Cauchy sequence in  . Indeed, 

( )( ) ( ),2 1, ,W m n
p

f fV m n N⋅

−  ≤ ∀ > 
 




 

then for all [ ], , ,x y z a b∈ , m nf f f= −  we get 

( ) ( ) ( ) ( ) ( )

( )( ),2

1 1
p y

W m n
p

f z f y f y f x f fV
z y y x ⋅

− −  − − ≤ ≤   − −    
 

so 

( ) ( ) ( ) ( ) ( )
( ).

p y
p yf z f y f y f x

z y y x
− −

− ≤
− −

  

As 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

p yp y

p y

f z f y f z f y f y f x
z y z y y x

f z f y f y f x
z y y x

− − −
≤ −

− − −

− −
≤ −

− −
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thus 

( ) ( ) ( )
( ).

p y
p yf z f y

z y
−

≤
−

  

Therefore 

( ) ( ) ( ) ( ) ( )p y p y
f z f y z y− ≤ −  

and by property of log 

( ) ( ) ( ) ( ) ( )log log .p y f z f y p y z y− ≤ −  

Then 

( ) ( ) ( )log logf z f y z y− ≤ −  

and hence 

( ) ( ) ( )log .exp z yf z f y z y−′− ≤ = = −   

i.e. 

( )( ) ( )( ) ( ), , .m n m nf f z f f y m n N′− − − ≤ ∀ >   

Let ( ) ( ): limn nf t f t→∞=  for any [ ],t a b∈  and let π  be any partition 

{ }0: , , ka t t bπ = = =  of [ ],a b  and a sequence 0 1, , kx x −  such that  

1j j jt x t +≤ ≤  for any 1 1j k≤ < − . It follows that for all ( ),m n N>   

( )( ) ( )( ) ( )( ) ( )( ) ( )1

1 1

1 1 1

.
jp x

k m n j m n j m n j m n j

j j j j j

f f t f f t f f t f f t

t t t t

−

+ −

= + −

− − − − − −
− <

− −∑   

Then, letting n →∞ , for any ( )m N>   it follows that 

( )( ) ( )( ) ( )( ) ( )( ) ( )1

1 1

1 1 1

.
jp x

k m j m j m j m j

j j j j j

f f t f f t f f t f f t

t t t t

−

+ −

= + −

− − − − − −
− <

− −∑    (3.8) 

Therefore, as (3.8) follows for any tagged partition *π  of [ ],a b , taking 
supremum over all tagged partitions it follows that 

( )( ) [ ]( ) ( ),2 ; , , .W
mpV f f a b m N⋅ − < ∀ >          (3.9) 

Moreover, by (3.6) and (3.7), we have that 

( )( ) ( ) ( ) ( ), , , .m n m nf f a f f a m n N
+
′− < − < ∀ >    

Then, letting n →∞ , we have that 

( )( ) ( ) ( ) ( ), , .m mf f a f f a m N
+
′− < − < ∀ >           (3.10) 

Then, (3.9) and (3.10) imply that for m  sufficiently large 

( )( )[ ],2 ,
3 .W

p
m BV a bf f

⋅
− <   

Hence, as 
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( )( )[ ] ( )( )[ ] ( )( )[ ],2 ,2 ,2, , ,
,W W W

p p p
m mBV a b BV a b BV a bf f f f

⋅ ⋅ ⋅
≤ − + < ∞  

we obtain that ( )( ) [ ],2 , .W
pf BV a b⋅∈  

Theorem 5 Let p  be an admissible function. Then, we have: 
1) If ( )( ) [ ],2 ,W

pf BV a b⋅∈ , then f  is bounded in all the interval [ ],a b . 

2)  ( )( ) [ ] ( )( ) [ ],2 ,2, ,W W
p qBV a b BV a b⋅ ⋅  for functions ( ) ( ).q x p x≥  

Let us proof (a). Suppose that ( )( ) [ ],2 ,W
pf BV a b⋅∈  and f  is not bounded. 

Then, there exists a sequence { } 1n n
t

≥ , ( ),nt a b∈ , 1n ≥  such that ( )nf t →∞  

when n →∞ . Let { } 1m m
t

≥  be a subsequence of { } 1n n
t

≥  such that { } 1m m
t

≥  

converge to [ ],x a b∈ . As ( ){ } 1m m
f t

≥
 is a subsequence of ( ){ } 1n n

f t
≥

, so 

( ) when .mf t n→∞ →∞  

Case 1: Suppose that x a=  and let t  such that ma t t b≤ < <  for some 
{ } 1m m m

t t
≥

∈ , then 

( ) ( ) ( ) ( ) ( )

( )( ) [ ]( ),2 ; ,
tp x

m W
p

m

f t f tf b f t
V f a b

b t t t ⋅

−−
− ≤

− −
 

and since su u→  is continuous 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( )( ) [ ]( ),2

lim

lim ; , .

t

t

p x
mm

p x
m W

pm
m

f t f tf b f t
b t t x

f t f tf b f t
V f a b

b t t t

→∞

⋅→∞

−−
−

− −

−−
= − ≤

− −

 

On the other hand ( ) ( )mf t f t−  tend to infinity as m →∞ . Then 

( ) ( ) ( ) ( ) ( )

lim ,
tp x

m

m
m

f t f tf b f t
b t t t→∞

−−
− = ∞

− −
 

and hence ( )( ) [ ]( ),2 ; ,W
pV f a b⋅ = ∞ , which is a contradiction. 

Case 2: Suppose that x a≠  and let t  such that ma t t b< < <  for some 

{ } 1m m m
t t

≥
∈ , then 

( ) ( ) ( ) ( ) ( )

( )( ) [ ]( ),2 ; , .
tp x

m W
p

m

f t f t f t f a
V f a b

t t t a ⋅

− −
− ≤

− −
 

Since su u→  is continuous 

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( )

( )( ) [ ]( ),2

lim

lim ; , .

t

t

p x
mm

p x
m W

pm
m

f t f t f t f a
x t t a

f t f t f t f a
V f a b

t t t a

→∞

⋅→∞

− −
−

− −

− −
= − ≤

− −

 

On the other hand ( ) ( )mf t f t−  tend to infinity as m →∞  then 
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( ) ( ) ( ) ( )
( )lim

as ,
tp x

mm
f t f t f t f a

n
x t t a

→∞
− −

− →∞ →∞
− −

 

and then ( )( ) ( ),2
W
pV f⋅ = ∞ , which is a contradiction. 

Let us proof (b). Taking 
( )( )[ ],2 , 1W

pBV a bf
⋅

= , since ( )( ) [ ]( ),2 ; , 1W
pV f a b⋅ ≤ , it 

follows that 

( ) ( ) ( ) ( ) ( )1
1 1 1

=1 1 1

1,
jp x

n j j j j

j j j j j

f t f t f t f t

t t t t

−
−

+ −

+ −

− −
− ≤

− −∑  

for any tagged partition { }0: na t t bπ = = < < =  and any sequence of points 

jx  such that 1j j jt x t +≤ ≤  for 0, , 2.j n= −  Therefore, 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1

1

1 1 1

1 1 1

1 1 1

1 1 1

1,

j

j

q x
n j j j j

j j j j j

p x
n j j j j

j j j j j

f t f t f t f t

t t t t

f t f t f t f t

t t t t

−

−

−
+ −

= + −

−
+ −

= + −

− −
−

− −

− −
≤ − ≤

− −

∑

∑

 

since in particular 
( ) ( ) ( ) ( ) ( )1

1 1

1 1

1
jp x

j j j j

j j j j

f t f t f t f t

t t t t

−

+ −

+ −

− −
− ≤

− −
 for any  

1 1j n≤ ≤ − . Taking supremum to both sides, we obtain that 

( )( ) [ ]( ) ( )( ) [ ]( ),2 ,2; , ; ,W W
q pV f a b V f a b⋅ ⋅≤ . Then, by definition it follows that 

( )( )[ ] ( )( )[ ],2 ,2, , ,W W
q pBV a b BV a bf f
⋅ ⋅

≤  

and the general case follows from the homogeneity of the norm.  

4. Functions in ( )( ) [ ]W
pBV a b,2 ,⋅  and Hölder Continuous 

Functions 

In this section we prove also that if a function is the composition of a bounded 
monotone function with a ( )( )1γ ⋅ + -Hölder continuous function with 
( ) ( )1 pγ ⋅ = ⋅ , then the function is in ( )( ) [ ],2 ,W

pBV a b⋅ . 
Definition 8 A function [ ]: ,g a b →  is Hölder continuous of exponent γ , 

where ( )γ ⋅  is a positive function such that ( )0 1xγ≤ ≤ , if 

( ) ( ) ( )1
1 1

ix
i i i ig t g t C t t γ −

− −− ≤ −  

for all [ ]1 ,ix a b− ∈ . The least number C  satisfying the above inequality is called 
the Hölder constant of g . 

Proposition 6 Let p  be an admissible function and [ ]: ,f a b →  such 
that f g ϕ=  , where [ ]: ,a bϕ →  is a bounded monotone function and  

[ ]: ,g a bϕ →  is ( )( )1γ ⋅ + -Hölder continuous with ( ) ( )
1

p
γ ⋅ =

⋅
. Then 
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( )( ) [ ],2 ,W
pf BV a b⋅∈ . 

Proof. Assume that ϕ  is nondecreasing. Since [ ]( ) ( ) ( ), ,a b a bϕ ϕ ϕ=    , by 
virtue of the change of variable 

( )( ) [ ]( ) ( )( ) [ ]( ) ( )( ) ( ) ( )( ),2 ,2 ,2; , ; , ; , .W W W
p p pV f a b V g a b V g a bϕ ϕ ϕ⋅ ⋅ ⋅= =        (4.1) 

If { } 0

n
i i

T t
=

=  is a partition of ( ) ( ),a bϕ ϕ    and { }jx  is a sequence of 

points ( )1,j j jx t t +∈  for 0, , 2j n= −  then 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )( )

1

1

1
1 1

1 1

1
1 1

1 1 1

1
1 1

1 1 1

1 11
1 1

1 1 1

1

1 1
1

i

i

i
i i

i i

p x
n

i i i i

i i i i i

p x
n

i i i i

i i i i i

p xx xn
i i i i

i i i i i

n x x
i i i i

i

g t g t g t g t
t t t t

g t g t g t g t
t t t t

C t t C t t
t t t t

C t t C t t

γ γ

γ γ

−

−

−
− −

− −

−
+ −

= + −

−
+ −

= + −

+ +−
+ −

= + −

−

+ −
=

− −
−

− −

 − −
≤ +  − − 

 − −
 ≤ +
 − − 

≤ − + −

∑

∑

∑

∑
( )

( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )( )
( ) ( ) ( )

1

1 1 1 11 1 1
1

1 1
1

1
1

1 1
1

2

2 2 .

i

i i i ii i i

p x

n x p x x p xp x p x p x
i i i i

i

n
p p p p p

i i i i
i

C t t C t t

C t t C t t C b a

γ γ

ϕ ϕ

−

− − − −− − −

+ + + + +

−

+ −
=

−
+

+ −
=

≤ − + −

≤ − + − ≤ −

∑

∑

 

Therefore, by taking supremum over any tagged partition, it follows that 

( )( ) ( ) ( )( ) ( ) ( )1
,2 ; , 2W p p

pV g a b C b aϕ ϕ ϕ ϕ
+ ++

⋅ ≤ − < ∞    

by the boundedness of ϕ . Hence, by (4.1) 

( )( ) [ ]( ) ( )( ) ( ) ( )( ),2 ,2; , ; , .W W
p pV f a b V g a bϕ ϕ⋅ ⋅= < ∞    

5. The Matkowski’s Condition 

Let us show as an application that, any uniformly bounded composition 
operator that maps the space ( )( ) [ ],2 ,W

pBV a b⋅  into itself satisfies the Matkowski’s 
condition. 

Theorem 6 Suppose that the composition operator H  generated by h  
maps ( )( ) [ ],2 ,W

pBV a b⋅  into itself and satisfies the following inequality 

( )( ) ( )( )( ) ( )( ) [ ]( )1 2 1 2 1 2 ,2,2 ,2 , , , ,W W W
pp pHf Hf f f f f BV a bγ ⋅⋅ ⋅

− ≤ − ∈       (5.1) 

for any function [ ) [ ): 0, 0,γ ∞ → ∞ . Then, there exist functions 

( )( ) [ ],2, ,W
pBV a bα β ⋅∈  such that 

( ) ( ) ( ) [ ], , , , .h t x t x t t a b xα β= + ∈ ∈                (5.2) 

Proof. By hypothesis, for x∈  fixed, the constant function ( )f t x= ,  
[ ],t a b∈  belongs to ( )( ) [ ],2 ,W

pBV a b⋅ . Since H  maps ( )( ) [ ],2 ,W
pBV a b⋅  into itself, 
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we have that ( )( ) ( )( ) ( )( ) [ ],2, ,W
pHf t h t f t BV a b⋅= ∈ . 

From inequality (5.1) and definition of the norm ( )( ),2

W
p ⋅

⋅ , we have for 

( )( ) [ ]1 2 ,2, ,W
pf f BV a b⋅∈ , 

( )( ) [ ]

( )( ) ( )( )( )

1 2
,2

1 2 1 2,2 ,2

inf 0; ; , 1

,

W
p

W W
p p

Hf HfV a b

Hf Hf f f

λ
λ

γ

⋅

⋅ ⋅

 −  > ≤  
  

≤ − ≤ −

 

and then 

( )( )
( )( )( ) [ ]1 2

,2

1 2 ,2

; , 1.W
p W

p

Hf HfV a b
f fγ

⋅

⋅

 
−  ≤ 

− 
 

                (5.3) 

Consider btsa ≤≤ <  and let { }0 1 2: , , ,m mt t tπ π= ∈  be the equidistant 
partition defined by 

( )0 1, , 1, 2, , 2 .
2j j
t st s t t j m

m−
−

= − = =   

Given ,u v∈  with u v≠ , define [ ]1 2, : ,f f a b →  by 

( )1

, if for some even ,

: , if for some odd ,
2

linear, otherwise

j

j

v x t j
u vf x x t j

=
 += =



 

and 

( )2

, if for some even ,
2: , if for some odd ,

linear, otherwise.

j

j

u v x t j
f x u x t j

+ ==  =


 

Then, the difference 1 2f f−  satisfies that ( ) ( )1 2 2
u v

f x f x
−

− =  for all 

[ ],x a b∈ . Therefore, by the inequality (5.1) 

( )( ) ( )( )( )1 2 1 2,2 ,2

,
2

W W
p pHf Hf f f

u v

γ

γ

⋅ ⋅
− ≤ −

 − 
≤  

 

 

and hence, by definition 

( )( ) [ ]1 2
,2 ; , 1.

2

W
p

Hf HfV a b
u v

γ
⋅

 
 

−  ≤  − 
     

                    (5.4) 
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From the inequality (5.4), and the definition, it follows that for any partition  

( ){ }0 2 4 2 1, , , , mt t t t −  of [ ],a b  

( )( ) ( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( ) ( )( )
( )1

1 1 2 2 2 1 2 1 2 2 1

1
2 2 1

1 2 1 2 2 1 1 2 2 2 2 2

2 1 2 2

2

1.

2

j

m j j j j

j
j j

p x

j j j j

j j

h f t h f t h f t h f t

u v
t t

h f t h f t h f t h f t

u v
t t

γ

γ

−

−
− −

=
−

− − − −

− −

− − +

 − 
−  

 

− − +
− ≤

 − 
−  

 

∑

 

However, by the definition of 1f  and 2f , we have that 

( )( ) ( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( ) ( )( )
( )

( ) ( )
( )

( )

1

1

1
1 2 2 2 1 2 1 2 2 1

1
2 2 1

1 2 1 2 2 1 1 2 2 2 2 2

2 1 2 2

1

1

1

1

2

2

2 2
2

2 2

4

j

j

m j j j j

j
j j

p x

j j j j

j j

p x

m

j

m

j

h f t h f t h f t h f t
u v

t t

h f t h f t h f t h f t
u v

t t

u vh v h u h

u vt s
m

h v h
m

t s

γ

γ

γ

−

−

−
− −

=
−

− − − −

− −

−

=

−

=

− − +

 − 
−  

 

− − +
−

 − 
−  

 

 + + −  
  =   − −     

+
=

−

∑

∑

∑
( )

( )1

2
2 1.

2

jp x
u vu h

u v
γ

− + −  
   ≤  − 

       

Then, since ( )11 jp x −< < ∞  and 1,2, , 2j m=  , it follows that 

( ) ( )
( )

( ) ( )
( )

1

1

1

1

1

1

2
24

2

2
24 1.

2

j

j

p x

m

j

p x

m

j

u vh v h u h

t s u v

u vh v h u h
m

t s u v

γ

γ

−

−

−

=

−

=

 + + −  
  

 −  − 
     

 + + −  
  ≤ ≤ −  − 

     

∑

∑

 

Hence, necessarily 
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( ) ( ) 2 0.
2

u vh v h u h + + − = 
 

 

So that, we conclude that ( ),h s ⋅  satisfies the Jensen equation in  . The 
continuity of h  with respect to the second variable implies that for every 

[ ],t a b∈  there exists [ ], : ,a bα β →  such that 

( ) ( ) ( ) [ ]( ), , , , .h t x t x t t a b xα β= + ∈ ∈  

Since ( ) ( ),0t h tβ = , [ ],t a b∈ , ( ) ( ) ( ),1t h t tα β= −  and  

( ) ( )( ) [ ],2, ,W
ph x BV a b⋅⋅ ∈  for each x∈  we obtain that ( )( ) [ ],2, ,W

pBV a bα β ⋅∈ . 

Now we will give the definition of uniformly bounded mapping introduced by 
J. Matkowski in [24]. 

Definition 9 Let X  and Y  be two metric (or normed) spaces. A mapping 
:H X Y→  is uniformly bounded if, for any 0t >  there exists a nonnegative 

real number ( )tγ  such that for any nonempty set B X⊂  we have 

( ) ( ) ( ).diam B t diamH B tγ≤ → ≤  

With the same kind of argument than in ([23], Theorem 7), we can see that 
any uniformly bounded composition operator acting between general Lipschitz 
function normed space must be of the form (5.2): 

Theorem 7 Let [ ]: ,h a b × →   and H  the composition operator 
associated to h . Suppose that H  maps ( )( ) [ ],2 ,W

pBV a b⋅  into itself and it is 
uniformly continuous, then there exists functions ( )( ) [ ],2, ,W

pBV a bα β ⋅∈ , such 
that 

( ) ( ) ( ) [ ]( ), , , , .h t x t x t t a b xα β= + ∈ ∈  

Proof. It follows as ([23], Theorem 7) by Theorem 6. 

6. Absolutely Continuous Functions 

We now define the analog of absolute p-continuous functions of order two in 
the framework of variable space. 

Definition 10 Given a function [ ] ( ): , 1,p a b → ∞ , by modulus of ( )p ⋅
-continuity of order two of a function [ ]: ,f a b → , we mean 

( )( ) ( )
( ) ( ) ( ) ( ) ( )1

**

1 1 1,2

1 1 1

: sup sup ,
jp x

n j j j jp

j j j j j

f t f t f t f t
f

t t t tδ
ππ δ

ω
−

−
+ −⋅

=≤ + −

− −
= −

− −∑  

where the supremum is taken over all tagged partitions 
{ }*

0 1 na t t t bπ = = < < < =  of the interval [ ],a b  together with a finite 
sequence of numbers 0 2, , nx x −  subject to the conditions 1j j jt x t +≤ ≤  for 
each j  such that the norm of *π  is at most δ . 

Lemma 3 Let p  be an admissible function. The modulus of ( )p ⋅ - 
continuity of order two is a sub-additive function. 

Proof. Let [ ], : ,f g a b → . 
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( )( ) ( )

( )( ) ( )( ) ( )( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( )( ) ( )

1

1

1

,2

1
1 1

1 1 1

1
1 11

1 1 1

1 1

1 1

,21

sup sup

2 sup sup

2

j

j

j

p

p x
n j j j j

j j j j j

p x
n j j j jp

j j j j j

p x

j j j j

j j j j

p pp

f g

f g t f g t f g t f g t
t t t t

f t f t f t f t
t t t t

g t g t g t g t
t t t t

f

δ

π δ π

π δ π

δ δ

ω

ω ω

−

−

+

−

+

⋅

−
+ −

≤ = + −

−
+ −−

≤ = + −

+ −

+ −

⋅−

+

+ − + + − +
= −

− −

 − −≤ − − −


− − + − − − 


= +

∑

∑

( )( ) ( )( ),2 .g⋅

 

If ( )( ) [ ],2 ,W
pf BV a b⋅∈  and ( )( ) ( ),2

0lim 0p fδ δω
⋅

→ = , we say that f  is  

absolutely ( )p ⋅ -continuous of order two, that is, ( )( ) [ ],2 ,pf C a b⋅∈ . 

Theorem 8 Let p  be an admissible function. Then ( )( ) [ ],2 ,pC a b⋅  is a closed 

subspace of ( )( ) [ ],2 ,W
pBV a b⋅ . 

Proof. We take a sequence { }n n
f

∈  of functions in ( )( ) [ ],2 ,pC a b⋅  such that 

( )( ) [ ],2lim , .W
n pn

s f f BV a b⋅→∞
− = ∈                   (6.1) 

By the sub-additivity of ( )( ) ( ),2p fδω
⋅  we have that 

( )( ) ( ) ( )( ) ( ) ( )( ) ( ),2 ,2 ,2 .p p p
n nf f f fδ δ δω ω ω⋅ ⋅ ⋅≤ − +  

Moreover, since ( )( ) ( ) ( )( ) ( ),2
,2

pW
pV f fδω

⋅
⋅ ≥  and ( )( ) ( ) ( )( ) ( ),2 ,22W W

p pV f V f⋅ ⋅ ,  

using Proposition 2.3. in [21] and the strong limit (6.1) we have that, for each  
fixed δ , ( )( ) ( ),2 0p

nf fδω
⋅ − →  when n →∞ . Since ( )( ) ( ),2 0p

nfδω
⋅ →  when 

0δ →  by hypothesis, we obtain that ( )( ) ( ),2 0p fδω
⋅ →  when 0δ → . 
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