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The two-times Green’s-function formalism is applied to the calculation of the NMR
relaxation time T, for systems of hindered-rotating molecules or atomic groups in solids
or solid surfaces at very low temperature. The rotation of the molecules is quantum-
mechanically considered as one-phonon induced transitions between the hindered-rotator
levels. The nuclear spin system is assumed to be coupled to the bath of thermal phonons
through the phonon-rotation interaction. The longitudinal relaxation rate is determined
by taking the lowest order approximation for the pole structure of the retarded Green’s
function; in this way a multiexponential behavior due to the different nuclear spin species
present in the molecule or atomic group is obtained. © 1992 Academic Press, Inc.

The purpose of this paper is to present a formal derivation, based on the two-times
Green’s-function formalism, of the NMR relaxation rates for a relatively simple nuclear
spin system coupled to a more complex one, acting as a thermal reservoir within the
linear response regime. The determination of these relaxation rates is usually carried
out by calculating some spectral densities, related through the fluctuation-dissipation
theorem with the relaxation rates. As a common practice this is done semiclassically,
i.e., the variables associated with the lattice are considered classical entities ( /-4), and
in many cases some parameters, such as correlation times and their specific temperature
dependencies, are added without rigorous calculation. Another approach to the problem
is given by the solution of coupled master equations for the populations of the different
nuclear spin species (5-9), where the transition probabilities are calculated quantum
mechanically, limiting the treatment to low temperatures.

The formalism that we present in this work offers the possibility of a first-principle
calculation for the relaxation rates in such systems where it is possible to write down
an effective Hamiltonian that describes the thermal bath over the whole temperature
range considered and allows for the direct microscopic modeling of the system, since
various model Hamiltonians can be easily introduced in an attempt to reproduce the
experimental results. There is no need to introduce in addition any phenomenological
parameters or some very strong assumptions like the existence of a common spin
temperature, since all this information is included in the dynamics given by the Ham-
iltonian and in the formalism itself; i.e., the generalized susceptibilities given by the
Green’s functions satisfy Kramers-Kronig relations, fluctuation—dissipation theorems,
symmetry properties, sum rules, and so on.
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In the calculation presented here, we shall consider spin-carrying molecules or atomic
groups in a solid or solid surface, subjected to an external strong magnetic field and
a small perpendicular RF magnetic field. The spin-carrying molecules are assumed to
undergo hindered rotations due to the scattering of phonons. In this sense, the rotational
degrees of freedom are modeled by a Hamiltonian whose potential-energy term is
taken as the interaction energy of the molecule with all the other atoms and molecules
in the solid fixed at their equilibrium positions. The existence of collective vibrational
modes in the crystal modulates this potential energy and gives rise to an interaction
between the rotational degrees of freedom and the lattice vibrations or phonons. For
simplicity, we shall consider the effect of the phonon-rotation interaction up to terms
linear in the displacements of the atoms and molecules from their equilibrium positions,
allowing in this way only one-phonon processes. This means that our calculation is
limited to relaxation phenomena at very low temperatures. In regard to the magnetic
interaction involved, the nuclear spins are taken to interact among themselves through
magnetic dipolar forces of intramolecular type; intermolecular spin interactions are
not included.

In order to calculate the longitudinal relaxation rate, it is first necessary to set up
the equations for the Green’s function, which in general consist of a system of hier-
archical equations, usually infinite in number, and next to impose some physical
approximations in order to decouple and further reduce the system of equations to a
workable level. Finally, with these approximations, a solution with physical meaning
is obtained. By this, we mean a solution which is consistent with general symmetry
properties of the Green’s function and general sum rules. The approximations we
shall impose include, to its lowest order, the rotation—phonon interaction, which means
one-phonon processes, and the validity of the random-phase approximation, which
in this context is related to the absence of correlation between different components
of nuclear spin operators and those which correspond to the thermal bath, in this
particular case, phonon operators.

GREEN’S FUNCTIONS AND THE RELAXATION RATE

We will consider a system which can be modeled by the total Hamiltonian
%:%S+°#SL+<#L5 [1]

where A represents the nuclear spin Hamiltonian, 5, is the Hamiltonian for the
heat bath, and #;, represents the coupling between both systems, usually under the
condition # > Ay > Ay, which occurs commonly in NMR experiments. In order
to consider the evolution of the system toward thermal equilibrium, it is necessary to
prepare the system in an initial nonequilibrium state. This can be achieved by the
adiabatic switching on of a perturbation, which in our case is a magnetic field along
a particular direction, and suddenly, at a time ¢ = 0, this perturbation is switched off,
letting the system evolve freely according to the Hamiltonian 5. The perturbation
can be written

H{ =-M-H{, [2]
where

Hi = 0(—t)e*H, e—> 0", [3]
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Within the linear response theory, the magnetization for 1 > 0 is given by the
expression (10)

(M) = (MY~ [ ((M(@; M())y - Hidr, [4]

which is written in terms of the two-times-retarded Green’s function, M(2);
M(t')) ). By using the causality property (10) of the retarded Green’s function, it
is possible to write the equation for the displacement of magnetization from the equi-
librium situation in the following way,

where (6M()) = (M(t)) — (M),.
It can be shown that
(M(2=0))) = ~((M|M))§” - H, [6]
so that by taking the Laplace transform of Eq. [5], one can write
(6M(z)) = f(2)-(M(t = 0)), [7]

where

_ 1 (MM (MM Y
f(z) = 2r -f—oo dw (w —ie)(w — iz) ) [8]

We are interested in the asymptotic behavior of (8M(¢) ), since it is that regime in
which the relaxation rates are experimentally measured. According to Tauber’s theorem
(11, 12), an asymptotic expansion of f(¢) can be written as

£(0) = 3 exp(z) 3 O (T(=n{)} -k, [9]
v k=0

where z, represents the poles of the function f(z), n,((”) represents the order of the
pole, and Cﬁc") represents the coefficient in a Laurent expansion of f(z) around the
pole z,. In the particular case of f(z) having only first-order poles, Eq. [9] can be
written

f(1) = 2 CWexp(z,). [10]

v

Let us suppose that the Green’s function can be written in the general form

_ oo w)
KM M=) = [w— awp — Wy(w)]’ [t

where o, and W, are complex functions. According to Eq. [ 8] the poles of the function
f(z) are related to the poles of the Green’s function so that only those poles that are
located at the upper complex plane must be considered (13). In general it is necessary
to make a complete analysis of the pole structure of the Green’s function at the upper
complex plane in order to describe the total asymptotic behavior of the function ().
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As a simplifying assumption, we consider the following zeroth-order approximation
to the pole structure. We first assume that the function ¢, does not contribute with
any pole. This assumption must be analyzed in every particular case with some care.
Second, we assume that the function W, can be approximated by its value at the
frequency awg. This second assumption usually is a very strong one since the whole
pole structure is sometimes collapsed to a single first-order pole, but nevertheless, in
many cases, this approximation gives the right relaxation behavior, correlating quite
well with the experimental results (/4). The relaxation rates obtained with these as-
sumptions can be written in terms of the imaginary part of the function W, evaluated
at the frequency awg, that is,

1
T = —Im W,(0) (12]

1

and

L ~Im W, (+wo) = —Im W_(—wy) [13]
T,

HAMILTONIAN OF THE SYSTEM

In this work we are interested in the calculation of the NMR longitudinal relaxation
rates of nuclei in symmetric molecules or molecular ionic groups in solids. With
neglect of internal vibration modes of the molecules, the Hamiltonian of a molecular
crystal placed in an external magnetic field is written as

*#:‘#Z+‘#R+WPh+‘%D—D+”R—Ph9 [14]

where #; is the nuclear Zeeman Hamiltonian in the external magnetic field, and
H%_p represents the intramolecular magnetic dipolar interaction Hamiltonian between
the nuclei. We assume that the intermolecular interaction is negligible as in most
cases of practical interest. #p, is the phonon Hamiltonian given by

Hen = 2 as(bishis + 1/2), [15]
ks
where by, and by, are phonon creation and annihilation operators, s denotes the branch
and polarization of the phonons, and k is its wave vector.

Finally, the terms R and #y_p, represent the molecular rotation Hamiltonian
and the rotation-phonon interaction Hamiltonian, respectively. In general, the rota-
tional Hamiltonian for a symmetric top molecule can be written as (15-17)

2

Hh =3+ V(@ 1y {1)), [16]
where J is the molecular angular momentum operator, I is the moment of inertia,
and V represents the intermolecular interaction potential, which depends on the set
of Eulerian angles Q, describing the molecular orientation with respect to the lattice
axes, the position r,, of the molecule or ionic group in the lattice, and the set {r; } of
positions of all other molecules and atoms in the lattice. This interaction potential
V(Q, 1a, {r; }) must be at least invariant with respect to the point symmetry group
of the molecule or ionic group (18, 19) and it can be expanded as



18 MARTIN-LANDROVE AND MORENO
V(Qa Tars {ri})= Z Ca(rM’ {ri})Va(Q)s [17]

where V,(Q) is some linear combination of Wigner matrices D},,(Q) with the appro-
priate molecular symmetry invariance properties (18). The molecular positions in
the crystal are not fixed but rather are undergoing displacements around the lattice
equilibrium sites due to the presence of collective vibrational modes, i.e., phonons.
Assuming that the displacements are very small, Eq. [17] can be expanded in a Taylor
series around the molecular equilibrium positions, to obtain

V(Q, 1y, {1:}) = 2 Clron, {10 })VAQ)

+ 2 (CL- UVl + 2 2 (Co - UpV(Q), [18]

@ i
where
CY = ValCoTonr {1'01}) and C.= ViCa{I'OM, {1'01'})« [19]
The second and third terms on the right-hand side of Eq. [18] represent the phonon—
rotation interaction, which can be written in terms of phonon creation and annihilation
operators as

’%R—Ph z z (ZM )1/2 [(CM ) ik-roMbks

+(CY - ef)e ™ rubi) V(Q). [20]

The first term on the right-hand-side of Eq. [18 ] represents the static rotation Ham-
iltonian. In the representation of spin-rotation states, the rotation-phonon Hamil-
tonian can be written

Hr_pn = Z {Fho(ks) | ) (ulbis + Fuur(ks) | uyd 'l bus}, [21]

up’
ks

where

(VD) Hh

Dty (C - eetme, (2]

F,(ks)= >

a

where we have included molecular displacements only.

CALCULATION OF THE GREEN'S FUNCTION ((I°|I°)),

It was shown in (/9) and (20) that a convenient representation basis for the operators
occurring in the system Hamiltonian is the set of eigenstates of the Zeeman and
rotation Hamiltonians

(S + H)|uy = (EX + ED)|u). [23]

The states |p) are linear combinations of products of spin and rotational wave
functions (14) so that the label u represents a set of quantum numbers which, in
general, can be chosen as (Imy;; Jmy; T'T';Tot), where I is the total nuclear spin, m;
its projection on the z axis, J the angular momentum, and m; its projection on the
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laboratory-frame z axis. For the most frequently studied hindered rotators of the type
XY;and XY, with molecular point groups Cs, and T, respectively, it is safe to assume
that the “feasible” operations of the full molecular symmetry group Py XS, (Py is the
symmetric group of N elements) form a subgroup which is isomorphic to the molecular
point group. In this case the T'g denotes irreducible representations of the molecular
point group. I';is the irreducible representation associated with a particular spin species
of total nuclear spin I. T, is the irreducible representation according to which the
rotational wave function transforms and I’y must be of symmetry 4, or 4, depending
on our choice of the state |x) as a symmetric or antisymmetric state with respect to
the exchange of two identical nuclei. Finally the label ¢ distinguishes between the
different states, where all the other quantum numbers are the same. In most cases ¢
can be left out since there are no such other states. In what follows and for the sake
of simplicity in our notation we will denote these Zeeman-rotation states only by the
label .
In this representation the Green’s function ({I°| I°}) can be represented by

(I = 2 uyul [TO) ) T2, [24]

where I = (u|I°|p). In this form the Green’s function ({I°|I°)%, is decomposed
into a combination of new Green’s functions { {|u){u|[I°) ), that can be considered
as its components in the given representation. The equation of motion for any of the
components of [24] is given by

ho( {1y (ul 119 )0 = (U Cul, 19T
+ 2 A (Al %) = 2 Ao ()l TT) )

2 (kK)o Bisl 1) = Fu (k) L ) (i1 Bis 1) ).}
+ 2 {FLK) )l 1 1) Yo — Fly (k) iy {nlbis 1 1O))} . [25]

The new higher order Green’s functions that appear and which contain phonon
creation and annihilation operators obey the equations of motion

{ho = AED) + e} Iy ual B 1 100D = (U Y pal bis, 1010
+ 2 A sl b1 1% )0 = 2 Al d | bis | 1)),

u3Fpy u3Fuy
+ Z {Fuzug(k,s1)<<|""1><”’3|bzsbk’s'|IO>>w
usk’s’

_Fu3u1(k,s/)<<|ﬂ3><ﬂ2|bltsbk's’|IO>>w}
+ 2 A FEL K'Y Qun ) usl bisbior 1 10D,

w3k s’
- F:wg(kls,)<<|“3><ﬂ2|blts :’s’|10>>w}
- z Fugﬂl(ks)<<|”'3><“’2| |10>>w [26]
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and

{ho — AEL) — e} (I )l bus | 1°) Yy = (Ul Y mal Biss 1970
+ 2 A () lusl b | 1°) Yo = 2 B {{lus )2l bas | 1°) D,

u3Fu u3¥Fp|
+ Z {Fu2n3(k,s’)<<|”’1><”’3Ibksbk/s'|IO>>®
u3k’s’

~ F (K'Y (s ) {pal busbiors | 1) Yo}
+ 2 {F:3u2(k,s,)<<|ﬂl><ﬂ3|bzsbk's’ I Io>>w

u3k’s’
— F L (K5 ua) (o | Db 1 10) )0}
+ 2 Fru (k) {Quyusl 1)), [27]

“3
and

AE() =(Efz_Efl)+(Eﬁl}2_ElIt{1)+(hu2#2_hmu1)' (28]

KoK

Green’s functions are also present in the dipolar coupling terms
{hw - AE,(,;;)L,}<‘#1><#2| “0>>w = <[|#|><M2|, IO]>0
+ 2 huzu3<<|“1><”3| IIO>>W - Z husm<<‘“3></"'2| lIo>>w

u3Fuy u3Fuy
+ E {Fu2u3(ks)<<lﬂl><ﬂ3lbks | Io>>w - Fu3u1(ks)<<lﬂ3><ﬂ2!bks| IO>>w}
u3ks

+ 2 {Fh, &) ) {uslbis [ 1) )

usks

— F¥ (k) Qs Y ua| b [ 193D} [29]

Considering that we are interested in the evaluation of the longitudinal relaxation
rate, as was mentioned before, we must only look for terms that will contribute to
poles in the neighborhood of the frequency w = 0. On the other hand in order to
decouple the chain of equations, we will make the following approximation for the
higher order two-phonon Green’s functions appearing in Egs. [26] and [27],

<<|M3><ﬂ2|bzsbﬁ':'|10>>m = <<|M3><H2|bkxbk's'|10>>w =0,

<<|M1><#2|b:sbk's'|10>>w = <"(k5)>05kk'5ss'<<|#1><ﬂ2| |IO>>m [30]

where {(n(ks) o = (bisbys o = (ks).

The approximations are justified since they only take into account one-phonon
processes in the rotation-phonon interaction, and at the same time there is the as-
sumption of a lack of correlation between the number of phonon operators in the
state ks, 7, and the operator 1°. By keeping terms up to second order in the inter-
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actions together with this set of approximations, the chain of equatios is effectively
decoupled, to obtain the solution for the component Green’s function

Ly lul11%)), = {ho — M(w)} ' o

The complex functions F,(w) and S,(w) are sums of matrix elements of the inter-
action Hamiltonians over the spin-rotation and phonon states and usually these sums
do not contribute with poles to the total Green’s function. Nevertheless these functions
contribute to the intensity with which every component contributes to the time evo-
lution of the longitudinal magnetization. Since, in order to get the relaxation rates,
we are interested in the singular points of the Green’s function, it is important to study
only the denominator of Eq. [31], which can be written for the total Green’s function
as

I°N(w)
LI =2 2 o~ M)’ [32]

where now N (w) = F,(w) + S,(w) and

1 1 (s + 1)
Mfo)= lhm[—+——]+z[| (kspj2 P+ 1)
: wFu i Auw Auﬂl I i Aum
ks
n Ky (n s ) ﬁ 5
1B (k) 25+ | F (k)2 P2 4 (k)25 [33]
ity He Lt U
with AL, = ho — AE() + &.

The imaginary part of the function M,(w), which is related to the relaxation rates,
can be written

Im M(w)=—7 3 |h,, |*{6(ho — AE)) + 8(hw — AED)}

g P
[k

-7 2 {1 Fou (k) (s + D[3(ho — AEL) — &)

H1H

ks

+6(how — AE) + )] + | F,(ks) |’ [8(hw — AELY — &)

Bay By

+8(how — AE() + &)1}, [34]

iy

DISCUSSION

According to Egs. [12] and [34], each spin-rotation level presents a single nuclear-
spin longitudinal relaxation rate, given by
1 _
Tl—_—f-l— 2 |hnu1 26(AE‘(¢;113 2 {l um(ks),z(nks’l_ I)B(AE[S:LE_ el(s)
H“ mFu

ks

+ | Fuu(ks) A (AES) + e)}  [35]

iy
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and the total relaxation function f(¢) can be written

f=ct3 Kuexp[— Ti] , [36]
where
K, = 3 T\ JIm{ F,(0)} [37]

and the normalization constant C is given by

C=2 3 T, Im{F(0)). [38]

Equation [35] can be separated into two contributions, one coming from the re-
laxation induced by the rotational motion, characterized by the transition matrix
elements 4, of the dipolar interaction between the nuclear spins, which, because of
the 6 function in [35], represents the first relaxation channel between spin-rotation
levels with nearly the same energy. This contribution has a temperature dependence
due to the presence of the rotation—phonon interaction which is at least third order
in the perturbations of the rotation-Zeeman Hamiltonian (see the Appendix) and
that can be physically explained by the induced time dependence of the dipolar in-
teraction due to the phonon reservoir.

The second contribution comes from the instability of the rotational levels due to
the rotation-phonon coupling, introducing a width for each rotational level which
increases the total transition probability between the Zeeman energy levels in the
nucleus, therefore increasing the total longitudinal relaxation rate. This represents the
second relaxation channel: the phonons induce transitions between different sets of
spin-rotation levels, thereby increasing the probability that a transition between Zee-
man levels will take place. The relaxation function given by Eq. [36] shows a mul-
tiexponential behavior with a different relaxation rate for each spin-rotational level.
Since the spin-rotational states are classified according to the irreducible representations
of the symmetry group of the molecule, and since the matrix elements given by Eq.
[22] contain matrix elements of the molecule-surface interaction, which is, at least,
invariant according to the same symmetry group, it is possible that for those states
belonging to the same irreducible representation, the relaxation rate could be nearly
of the same value, giving us a further simplification of the total relaxation function
containing only terms corresponding to the different irreducible representations of the
molecular symmetry group. This behavior is consistent with experimental evidence
and other theoretical approaches (9).

APPENDIX

In Eq. [29], we have the same type of Green’s functions as those in Egs. {26] and
[27], which are given in terms of two-phonon operator Green’s functions. If we in-
troduce Eqgs. [26] and [27] in [29], we can decouple the system by discarding those
Green’s functions that represent two-phonon processes, by the same approximation
used in Eq. [30]. With this type of decoupling procedure we get an additional tem-
perature-dependent term in the function M, (w),
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hﬂﬂlGﬁl(w;T) h:mGZI*(_w; T)
. - Al
Ru(w’T) zaé [ Auw " Auun ’ [ ]
[k

where

G* (w'T) = z [Fﬂwz(ks)F:uz(ks)(ﬁkS + 1) + thul(ks)Fuzu(ks)ﬁkS] i [A2]

e ks A;zu A:zu
wFp

The additional contribution to the relaxation rate is

l 2w 2 Im[hA,, G4 (0;T)]
— ==— > Re[h,, GLO;TIS(AEGN+ P 2 e , [A3]
<T1 )3dd. h Méﬂ [ e . h ni#u AE}‘B

where P represents the principal value of the sum.
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